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MOST SIGNIFICANT CONTRIBUTIONS

I list and detail below, 4 important contributions from the past 6 years. The reference are
those listed in the form: List of References.

Numerical solvers for field-particle linear Dirac equation. With the development
of fast and strong field physics, it has become important to include relativistic effects in the
theoretical study of laser-molecule interaction, that is to analyze field-particle Dirac equa-
tions. Although linear, solving numerically the Dirac equation is very challenging. Let me
mention some of the main difficulties relative to its computation: i) as for the Schrödinger
equation, the presence of singular interaction potentials, typically Coulomb potential requires
a careful treatment of the singularity, ii) the computation of the ground state (and more gen-
erally of the bound states). The spectrum of the electronic Dirac operator with Coulomb
potential, is not bounded (or semi-bounded). It is composed by an essential spectrum below
−mc2 and above +mc2, and usually a point spectrum in the mass gap. As a consequence,
direct minimization techniques such Normalized Gradient Flow or Rayleigh-Ritz methods
usually fails to converge, or to avoid spectral pollution (computation of spurious eigenvalues
or with wrong multiplicity). Another fundamental difficulty is iii) the zitterbewegung (trem-
bling), and more generally the presence of the βmc2-term, requiring to choose time steps
less than 1/mc2, for accurately capture the corresponding high frequency. This constraint in
the relativistic regime, makes the computation of femtosecond laser pulse interacting with
a molecule, at least a 2-scale in time. Moreover, iv) high harmonic and wavenumber gen-
eration due to strong-field particle interaction (including multiphoton ionization) makes in
fact the problem multiscale (in space and time). In several papers, we have developed and
analyzed new computational techniques which tackle several of the above difficulties. In
particular, in [22] a Galerkin-based atomically balanced basis functions with fine capture of
the interaction potential is developed to avoid spectral pollution, and a corresponding con-
sistent time evolution equation is considered [24]. Regarding the multiscale issues, a simple,
accurate and pleasingly parallel was developed and implemented in [19, 21, 4]. This method
is become popular in the computational-QED and applied mathematics communities; ([19]
has for instance, more than 50 citations according to googlescholar, in 5 years), and was
also presented as invited talks in several international conferences.
Maxwell-Schrödinger-Plasma model for nonperturbative nonlinear optics. In the

past ten years, we have derived, analyzed, implemented and applied micro-macro Maxwell-
Schrödinger models for nonlinear nonperturbative interaction of intense electromagnetic
fields with low density gases. The coupling is ensured by to the macroscopic polariza-
tion (response of the gas to the medium) using to the nonperturbative solution to many
time dependent Schrödinger equations, from which we deduce the dipole moment and a lo-
cal polarization. The model allows also for an accurate description of generated plasma of
free electrons, and is fully nonperturbative. Ionization and high order nonlinearity effects
are accurately modeled, unlike usual perturbative models which empirically include ioniza-
tion effects [38]. Our models have stimulated a new research trend in the rapidly growing
laser-filamentation community, towards the inclusion in nonlinear optics models of effects
obtained from the quantum time-dependent Schrödinger equation. However, our models
suffer from a huge computational complexity. Even in parallel, only simplified version of
the model can be used from practical applications, such as laser-filamentation or collective
effects in high harmonic generation [36]. Over the past four years, we have established with
my PhD student Marianna Lytova, a still very accurate and nonperturbative model, but
reducing drastically the overall computational complexity of the model. The principle is to
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derive an additional evolution equation for the polarization which is valid for propagation
distance, and which is dependent on the gas density, the laser field intensity and frequency.
This polarization equation is initialized from the nonperturbative solution to quantum time
dependent Schrödinger equations, and is coupled to macroscopic Maxwell’s equations. The
most simple polarization model is a transport equation with velocity given by the group ve-
locity. More elaborated models were then derived, taking into account the Kerr effects and
third harmonic generation [39]. The well-posedness of the model was analyzed by Marianna
Lytova in her PhD thesis, and the model was implemented in parallel. A computational
gain with respect to a full Maxwell-Schrödinger model is shown to be from 2 to 3 orders of
magnitude. The new model can now precisely simulate laser filamentation, at least on short
propagation, which was impossible with the original Maxwell-Schrödinger-Plasma model.

Pair-production calculation from simple analytical model. The pair-production
problem from intense laser-molecule interaction is modeled and studied in [23]. Thanks to a
simple Dirac equation with interaction potential modeled by Dirac distributions, it is proven
that Schwinger-like effect (production of pairs of particle-antiparticle using strong fields) can
occur at much lower peak-intensity (with given frequency) than in vacuum, when considering
laser-molecule interaction. Mathematically, the interaction potentials are modeled by Dirac
distributions. Finally the full spectrum of the Dirac Hamiltonian can be constructed with
adiabatic hypothesis and special (parabolic cylinder) functions, resulting in a full continuous
spectrum (bound states becomes quasi-bounded states and are Stark-shifted). The explicit
construction of the spectral density is based on Weyl-Titschmarsh-Kodaira theory allowing
for a realization of the spectral theorem. Eigenfunctions are constructed in terms of parabolic
cylinder functions. From the spectral density, it was then possible to analytically estimate
the pair-production rate during the laser-molecule interaction. It is discovered that pair-
production occurs when quasi-bound states cross states coming from the essential spectrum
“dressed” by the external field. This work was mainly joint with Prof. Andre Bandrauk
(Sherbrooke) and F. Fillion-Gourdeau (PostDoc at that time). These results have a rela-
tively fast growing citation record, and have motivated experimental studies at the INRS
(Montréal) to enhance pair production from the interaction of intense lasers with heavy
molecules.

Convergence rate analysis for domain decomposition method for Schrödinger
equation with non-constant coefficients. We have established [2, 3], a methodology for
estimating the convergence rate of the Schwarz waveform relaxation (SWR) domain decom-
position method. Usual Fourier-based strategy allows for the computation of the symbol
the operator under consideration. Then the Lipschitz constant of a contractive mapping
is established as a function of the interface geometry and type of transmission conditions.
This strategy is routinely applied to linear operators with constant coefficients. We have
extended this principle to linear Schrödinger operators with non-constant operators, in 1-d
and 2-d (for smooth interfaces), in real and imaginary time. More specifically the operator
symbol is first factorized at the subdomain interfaces, thanks to a Nirenberg factorization.
Then a careful study of the incoming/outgoing null bicharacteristic strips is performed in the
elliptic and hyperbolic zones of the cotangent bundles at the considered subdomain inter-
face. With some conditions on the frequency, we can then iteratively construct a sequence of
symbols, which will serve in the analysis of convergence. A fine analysis of the method was
established including the well-posedness of the DDM, and the convergence rate of a sequence
of (finer and finer) transmission conditions. In a second part of the work we have derived

2



Emmanuel Lorin de la Grandmaison - NSERC PIN 293 235 Contributions

numerical methods to approximate these SWR methods, numerical experiments have vali-
dated the theoretical estimates of the convergence rate estimates. The method that we have
developed was recently published in several top journals in numerical analysis (Numerische
Mathematik, J. of Sc. Comput., ESAIN:M2AN) and presented in several international
conferences. Moreover, it can be generalized to a large class of evolution operators, which is
one of the objectives of the research program.
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