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RESEARCH PROPOSAL

This research proposal is devoted to the development and analysis of mathematical and nu-
merical methods, as well as computer implementation in quantum relativistic physics. With
the advent of strong laser physics, accurate and efficient computational methods become cru-
cial to not only simulate but also to understand fundamental quantum physics phenomena.
This research program is a contribution from the mathematical point of view to theoretical
and experimental research in Attosecond Science, strong field physics, Quantum ElectroDy-
namics (QED), and nonperturbative nonlinear optics, research fields in which Canada is an
international leader. Mathematically, the program is mainly applied-analysis oriented, more
specifically towards modern tools in applied spectral theory, and the theory of Partial Differ-
ential Equations (PDEs) and their numerical approximation. HQPs will be highly involved
throughout the program, as detailed in the HQP-training form. The references can be found
in the file List of References.

Long-term objectives.

• Derivation and analysis of mathematical models in quantum non-relativistic and rela-
tivistic physics, laser-physics and nonperturbative nonlinear optics.

• Derivation of generic, accurate and efficient computational methods, as well as their
mathematical analysis for relativistic and non-relativistic nonlinear quantum physics.

• Development of parallel simulation codes implementing these numerical models, with
specific targeted areas of application: laser-filamentation, attosecond science, QED
(production of particles-antiparticles, graphene). I plan to make these codes accessible
to the Canadian and international applied mathematics and physics communities.

• Transition towards quantum simulation: development of quantum algorithms for forth-
coming quantum computers.

These long-term objectives (15 years) could, in particular, be reached thanks to shorter-term
objectives (5 years) described below, which constitute essential components of my research
program. The first 2 stages are mainly devoted to the analytical and computational aspects,
while the last 2 are essentially oriented towards their applications and extension.

Recent progress. Important progress in connection with this research-program were al-
ready established these past 5 years largely thanks to my previous Discovery Grant. The
progress is described in the Most Significant Contributions form, and the program below.

Impact. This research program will have a strong impact in the applied mathematics com-
munity with the development of rigorously derived and analyzed (convergence, accuracy)
generic computational methods for quantum wave PDEs, and applied spectral theory. The
simulation codes subsequently developed, will be of great interest for several physics com-
munities (e.g. laser-physics-filamentation, QED, cold-matter), including for applications.

Research Module I. Schwarz waveform relaxation methods for nonlinear and
fractional quantum wave equations
This part is dedicated to the analysis of convergence and the accurate approximation of
Schwarz Waveform Relaxation (SWR) Domain Decomposition Methods (DDM).

Objectives.

• Derivation and convergence analysis of SWR methods for fractional, nonlinear and rela-
tivistic quantum wave equations. Theoretical convergence rates for Dirichlet, Robin/optimized
and transparent-based transmission conditions will be established.



Emmanuel Lorin de la Grandmaison Research Proposal

• Analysis of convergence of SWR methods with an arbitrary number of subdomains.
Unlike the case of 2 subdomains, the mathematical analysis of convergence with an
arbitrary number of subdomains is often missing in the literature, although from a
practical point of view SWR methods only make sense for a large number of subdo-
mains.

• Efficient and accurate numerical approximation of SWR methods for fractional and
nonlinear quantum wave equations.

• Application: development of parallel real-space SWR algorithm and code for solving
the N -body Schrödinger equation modeling quantum particles subject to an intense
external field. This approach, as far as we know, has never been explored although it
is very promising: embarrassinly parallel and no high-dimensional Hamiltonians. This
could then have a very strong impact in quantum chemistry and laser-physics.

Recent progress. This research module is a continuation of a research on DDM for linear
Schrödinger equations with non-constant coefficients in 1-d and 2-d, where accurate con-
vergence rates were analytically established for different transmission conditions [2, 3]. The
analysis is primarily based on pseudo-differential calculus and microlocal analysis [33, 43].

Methodology. In order to analyze the convergence of SWR methods in the linear case,
we will mainly work at the symbolic level, allowing an accurate derivation of estimates of
the convergence rate of SWR methods, as a Lipschitz constant of a contractive mapping
[28]. Such an analysis will also allow for appropriate choices of efficient transmission con-
ditions, providing fast convergence of the SWR algorithm. Regarding the nonlinear wave
equations, we will start our analysis using the precursor work of [46] on absorbing boundary
conditions for nonlinear (quantum) wave equations, using para-differential calculus. We will
then design and analyze efficient numerical approximations of the SWR methods, including
preconditioning techniques. In particular, we will consider the discretization of nonlinear
Schrödinger and Dirac equations, as well as fractional wave equations. Compromise between
i) the efficiency of the numerical approximation and ii) the rate of convergence of the overall
DDM will be addressed. These last points will be particularly important for the N -body
Schrödinger equation. This equation is known to face the curse of dimensionality, as it re-
quires computations in a 3N -dimensional space. We will propose a Galerkin SWR-DDM
with optimized transmission conditions consisting of solving a large number of Schrödinger
equations on “small” spatial domains. The interest is two-fold. First, the distributed parallel
implementation is expected to be highly efficient, as local Schrödinger equations are solved
independently, and their corresponding solution is connected to the others only through lo-
cal transmission conditions. Secondly, we benefit from a scaling effect, as the computational
complexity of real-space Schrödinger equation solvers is polynomial. We can then solve in
parallel, several small linear systems associated to local Schrödinger equations, rather than
one huge one. The price to pay though, is the need for computing several times (Schwarz
iterations) the same equation. The SWR methods will be applied first i) to solve the station-
ary Schrödinger equation using the Normalized Gradient Flow (NFG) method [7], then ii) to
the time-dependent equation, modeling molecules subject to an external electric field. Notice
that the use of SWR-DDM for the N -body Schrödinger equation is theoretically discussed
along with low-dimensional numerical tests in a manuscript I have recently submitted.

Research Module II. Derivation and analysis of computational methods for non-
linear Dirac equations. Application to QED
Strong laser physics is a very active research fields from the theoretical, experimental as well
as technological sides. With the increase of the laser power, relativistic effects must be in-
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cluded in the modeling of laser-matter/molecule interaction. In strong field physics, QED, as
well as cold-matter science (Bose-Einstein condensate) relativistic quantum waves equations
are then of primary interests. This research module is devoted to the derivation, analysis
and efficient implementation of the nonlinear Dirac equation in the relativistic regime

i∂tψ(t,x) =
{
− icα ·∇ + βmc2 + I4V (x)

}
ψ(t,x) +N(ψ)ψ(t,x),

where ψ ∈ L2(R+×R3,C4), α,β are the Dirac matrices, and the nonlinearity N is typically
of the form, for ν1,2 in R,

N(ψ) := ν1(ψ
†βψ)β + ν2|ψ|2I4 .

Objectives.

• Derivation and mathematical analysis of computational methods for the spectrum of
nonlinear Dirac Hamiltonian; first for the derivation and analysis of spectral-pollution-
free convergent methods for computing the point spectrum, and to a certain extent the
essential spectrum to nonlinear Dirac Hamiltonians.

• Derivation of C*-algebra-based numerical eigenvalue solvers for the Dirac equation.

• Derivation and mathematical analysis of high-order computational methods for the
time-dependent nonlinear Dirac equation. The emphasis will be put on Implicit-
Explicit (IMEX)-Runge-Kutta (RK) methods.

• Development of a parallel multi-dimensional code (MPI-based) for computing the spec-
trum of linear and nonlinear Dirac Hamiltonian. This code will also be used for appli-
cations in Research Module III.

• Application to the simulation of production of pairs of particle-antiparticles, typically
electron-positron from the intense interaction laser-fields with molecules/graphene.

Recent progress. Recall that the spectrum of the Dirac Hamiltonian is not bounded
or semi-bounded from below or above. This precludes the naive generalization of some
well-known computational methods used to solve the Schrödinger Hamiltonian, such as Nor-
malized Gradient Flow methods. The latter is based on a minimization principle and thus,
works rigorously only if the spectrum of the differential operator has a lower or upper bound.
On the other hand, Rayleigh-Ritz methods can also fail, as the Dirac spectrum can be altered
by negative energy contribution, an issue referred in the literature as “variational collapse”.
This gives rise to spectral pollution, that is the persistence of spurious eigenvalues or eigen-
values computed with incorrect multiplicity [38]. This phenomenon can be avoided by using
balanced operators and adapted basis set expansions [31, 36, 23]. Several of the techniques
developed for the linear stationary Dirac equation, such as Rayleigh-Ritz, can directly be
extended to the time-dependent linear Dirac equation [41, 6, 25, 4, 20, 22].

Methodology. We will successively explore convergent extensions of “classical” techniques
(e.g. Rayleigh-Ritz with balanced basis functions, min-max, balanced NGF, Feit-Fleck) de-
veloped for the linear Dirac equation, to the nonlinear case. A preliminary study of existing
results about the structure of the point spectrum for nonlinear Dirac equations will also be
addressed [17]. New C*-algebra-based methods will also be explored [5]. This non-standard
method was developed for computing the spectrum of infinite dimensional self-adjoint op-
erator A (including Schrödinger’s Hamiltonian), thanks to a reformulation in terms of an
appropriate C*-algebra with a unique tracial trace. The limit of the finite dimensional eigen-
value distributions is then associated with a tracial state of A. We plan to explore extensions
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of this approach for non-semi-bounded operators such as the Dirac operator, first in the linear
case, and potentially nonlinear Dirac operator. Canada has some of the strongest research
groups in C*-algebras in the world; I plan to collaborate with specialists of this field and
HQPs to i) successfully derive original computational methods for the spectrum of the Dirac
operator, and ii) possibly propose new numerical methods to other kind of problems [44].
In the time-dependent case, Implicit-Explicit (IMEX)-Runge-Kutta (RK) methods [10] will
be developed and analyzed for the time-discretization. IMEX-RK methods are become very
popular in several fields (plasma physics, reaction-diffusion and more recently Bose-Einstein
condensate [35, 11]). Several spatial discretizations will also be explored including spec-
tral approximations. We will specifically study the relativistic regime, which imposes some
drastic restrictions on the time step size. In the past 6 years, I have developed some effi-
cient parallel codes for stationary and time-dependent linear Dirac equations, which will be
adapted for the nonlinear case, and using also outcomes of Research Module I. These codes
will be applied to the pair-production problem. We have recently discovered new mecha-
nisms of pair-productions [21, 24] using simple models derived from the Dirac equation. We
then intend to numerically validate these ideas with more realistic multidimensional Dirac
equations, thanks to the computational codes which will be developed during this research
program. The case of the bilayer graphene will also be considered [12]. Graphene is a gapless
semiconductor, where electrons have a similar behavior to Dirac particles. Enhancement of
the pair-production process is expected, as discussed in [26].

Research Module III. Applications to photonics and nonperturbative nonlinear
optics
From the results and codes of Research Modules I and II, as well as earlier progress, we plan
to study with HQPs some specific applications in nonperturbative nonlinear optics, with
focus on laser-filamentation.

Objectives. The short-term objectives are the following.

• Derivation and analysis of macroscopic nonperturbative nonlinear optics models for
strong field-gas interaction.

• Development of Maxwell-Dirac models and relativistic nonlinear optics models for laser-
filamentation near the relativistic regime, which is a recent discovery [42, 30].

• Development of an efficient and accurate simulation code for for laser-filamentation.

Recent progress. Usual nonlinear optics models are derived from Maxwell-Schrödinger
equations, by perturbation theory and paraxial approximation. Beyond the perturbative
regime, high order nonlinearities [37], and ionization become important and are usually
poorly modeled. Over the past 5-10 years, important efforts have been made by special-
ists, on the nonperturbative inclusion of ionization due strong fields. However the balance
between nonlinearities and ionization effect is still only empirically established. My col-
laborators and I have followed a different strategy, and developed fully nonperturbative
micro-macro Maxwell-Schrödinger-Plasma models. Although these models are well-posed,
very accurate and easily scalable models [39], they suffer from an enormous computational
complexity for simulating long propagation of laser pulses in a gas. This is due to the need
to numerically compute many quantum time-dependent Schrödinger equations (TDSEs).

Methodology. We plan in this research module to circumvent the numerical computation
of TDSEs, by nonperturbative construction of analytical solutions to TDSE using modern
spectral techniques. We will start this investigation with special potentials: Dirac distribu-
tions, then x 7→ −e−α|x|/|x| for α > 0. In this goal the transitions between bound-bound,
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bound-continuum and continuum-continuum states can be exactly calculated [13, 45]. An
explicit expression of the solution and of the dipole moment will allow for a fully macroscopic
nonperturbative expression of the gas response. From these solutions, we then plan to derive
nonlinear Maxwell’s equations, as well as their paraxial approximation. The corresponding
nonperturbative models will be mathematically analyzed (well-posedness, particular solu-
tions, etc), then implemented and comparisons with i) experimental data, ii) the multiscale
Maxwell-Schrödinger-Plasma model which was developed in [39, 40] will be performed. We
intend to closely study laser-filamentation [34, 14, 8] using this model. This phenomenon
is very well studied, as it is the source of many potential applications (spectroscopy, mili-
tary applications, weather control, communications, etc) although very accurate and efficient
models are still out of reach.

Research Module IV. Digital quantum algorithms for evolution equations
There is a rapidly growing interest for Quantum Computing (QC) and Quantum Information
Theory (QIT), among numerical analysts specialized in quantum physics, as this commu-
nity can bring new relevant ideas and paradigms in QC and quantum simulation. As an
illustration of this interest, in August 2017, I co-organized with Profs A. Bandrauk (Uni-
versity of Sherbrooke) and B. Sanders (University of Calgary) a workshop ”From Numerical
Quantum Dynamics to Quantum Information Theory” at the BIRS/CMO centre. One of
the main purposes of this workshop was precisely to share ideas among various communities
about new classical and quantum algorithms, in QC and QIT. It is expected that in the next
20 years, available quantum processors will be “exponentially” more powerful than current
digital processors. Simulation strategies and paradigms can, however, already be developed
for quantum computing, which is the purpose of this module. This will contribute from the
quantum simulation point of view to QC.

Objectives. A small part of my program will be dedicated to the development of quantum
algorithms for PDEs.

• Development of unified quantum algorithms/simulations for solving a large class of
linear evolution PDEs Pu = 0. Fundamental issues, such as initialization/reading of
generated quantum states will be studied [16, 15].

• Inclusion of noise-effects in the considered PDEs, starting with the Dirac equation for
which there already exist quantum state generation algorithms [27, 29].

Recent progress. In [19], we have developed original quantum algorithms for linear sym-
metric 1st order hyperbolic systems. A combination of i) the reservoir method [1], ii) Trotter-
like approximation [9], and iii) quantum walks [27, 18] allows for the derivation of algorithms
based on simple unitary transformations, thus perfectly suitable for quantum computing. We
show that the quantum implementation has an exponential speedup over the classical im-
plementation. Resource requirement and explicit gate decompositions are determined using
the functional quantum programming language Quipper [32].

Methodology. This module will require the adaptation of classical numerical algorithms
for approximating deterministic and stochastic differential equations. Regarding the noise-
effects, some perturbations following a given stochastic process (e.g. Wiener, Random), will
be added to the equation, and corresponding quantum state generation algorithms will be de-
rived. Honours and MSc students will be involved in this module, and I intend to collaborate
with specialists of QC/QIT for validating the feasibility/relevance of the approach.


