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Rédei functions

> Let PY(F,) := F, U {oc}.

» Write (x +,/y)™ as N(x,y) + D(x,y)\/y-
» For m € N and a € F,, the Rédei function is R 5 : P1(F,) — PY(Fy) where

D(x, a)
00 otherwise.

Rm,a(X) - { Do if D(x,2) # 0,x # oo

» When a # 0 and q is odd, Carlitz showed that

(x+v3)™ + (x = v/a)"
(x+ V3" — (x —va)"

Rm,a(x) = \/5



Rédei functions

R1,a(x) = x
2
X<+ a
Rea(x) = —
3
x> + 3ax
fo:l) = 3245
x* + 6ax? + a2
B x° + 10ax3 + 5a%x
Rea(x) = 5x4 + 10ax2 + a2
Re.a(x) x0 + 15ax* + 15a%x2 + a°
X) =
6.2 6x5 + 20ax3 + 6a2x
x4+ 21ax® + 35a%x3 + 7a3x
R7,a(X)

T 7x5 + 35ax® + 21a2x2 + a3



Rédei functions

» From now on, g is odd.
> Let x(a) be the quadratic character of a € Fy, that is,

x(a) =

1 if ais a square in g
—1  otherwise.

» Rm.a and R, , induce the same function if and only if m = n (mod g — x(a)).



Rédei permutations

» For a # 0, R, induces a permutation of P}(F,) if and only if
ged(m, g — x(a)) = 1.
» If g is odd, then m is odd.



The cycle structure of a Rédei permutation

Proposition (Qureshi and Panario, 2015)

(a) The decomposition of the Rédei permutation Rp, 5 into cycles is

D { 2ld) Cyc(od(m»} & (x(a) + 1) % {o}

dlaxa) L 24(m)

where Cyc(c) denotes a c-cycle.
(b) The number of fixed points of Ry, 5 is gcd(m — 1, q — x(a)) + x(a) + 1.



Main question

When do Ry, 2 and R, p have the same cycle structure?

* Recall: The decomposition of the Rédei permutation R, , into cycles is

P { pd) Cyc(od(m))} @ (x(a) + 1) x {o}

dlg—x(a) %4(m)

where Cyc(c) denotes a c-cycle.




A general criterion

Proposition (Deng, 2013)

Let X1 and X, be finite sets, and f;: X1 — X1 and f,: Xo — X, be permutations.
Then f; and f, have the same cycle structure if and only if f| and fJ have the same
number of fixed points for every positive integer r.



The number of fixed points of Ry, |

* Recall: Ry, 5 has ged(m — 1, g — x(a)) + x(a) + 1 fixed points.

> Rm,a o Rn,a = Rmn,a
> Rm,a ©---0 Rm,a = Rm',a

r times

» The number of fixed points in the r'! iterate of Ry, is

ged(m" — 1,9 — x(a)) + x(a) + 1.



A criterion for Rédei permutations

Proposition
The Rédei permutations Ry, , and Ry, , have the same cycle structure if and only if

ged(m” — 1,9 — x(a)) + x(a) = ged(n" — 1,9 — x(b)) + x(b)

for all positive integers r.

» In this talk, we focus on the case y(a) = x(b) = x. We need

ged(m" — 1,9 —x) = ged(n" — 1,9 — x)

for all positive integers r.

» Work in progress: the case y(a) # x(b).



Example: P!(Fy9)

[5, 20]

[7, 31]
[3, 13, 17, 23, 27, 33, 37, 47| [11, 35]
7, 23] (13, 37]
[9, 19, 29, 39] [19, 43]
[11, 21, 31, 41] [23, 47]
(@) x=-1 by x=1

Lists with values of m and n for which R, ; and R, 5 have the same cycle structure when
x(a) = x(b) = x over P}(Eso).



» y = —1,; Pattern: +10, +10, +10,

(3,

13, 17, 23, 27, 33, 37, 47]

[7.

43]

[9,

19, 29, 39]

[

4]

> x = 1; Pattern: 424, 4-24, 124,

[,

20]

(7,

31]

[11, 35]

[

]

[19, 43]

[23, 47]

the above list +2
the above list +4
the above list +2
the above list +6

the above list +4

numbers in symmetric positions add up to 50
numbers in symmetric positions add up to 50
numbers in symmetric positions add up to 48

numbers in symmetric positions add up to 52, the above list +2

, 24, 424



Question 1

Can we find families of Rédei permutations with the same cycle structure?



Families of Rédei permutations with the same cycle structure

q m n ‘ Conditions
B ‘ ‘ 1< 44,00 < k, ged(4q, k) = ged(la, k)
P P P If x = —1, then 1,(¢1), v2(£2) is either > or < (k).
p* P pPF—p+1 [x=-1
X (mod 8) qux +1 @ +1 | None
X £2 (mod 8) q—ZiZ q—)2<i4 None




The cycle structure of the families

X|q m n Cycle Structure
0 A
k P P 1 k _
-1 ll:odd rime 1<b <k Ltk | @x{she (p x C3’0(2)> @ (p 2k 2 x Cyc(2k))
P 1 odd £ odd
ok P p
-1 k odd prime 1< <k 1<l <k ((p+1)><{o})@( wa )
{1 even {5 even
k 01 02
p P I3 (P ]
L)k prime 1<ti<k | 1<f<k ((”“)X{’})G( £ x Cye(k )
—1| p?* p p? —p+1 @2x{e})® @ (Nag x Cyc(2d)) where 2dNag = p? +1 — Z 25Ny — 2
yz(dfkaz(zk) vz(s)szzvdz(m
=Xy 1) x{e})® 3(‘7 X oye2 if =X is odd
' a-x 3(g-x) 4
X | x (mod 8) T+1 erl q q q q-
4X+x+1 x {o} | @ 8X XC)C(Z)) i}( SX ><Cyc(4)) if 8X is even




Example: P!(IF3e0)

Rs,2 and Rzs_5 5, have the same cycle structure on P! (Fse0) when x(a) = x(b) = —1.
To obtain the number of cycles and their corresponding lengths, we consider every
positive divisor d of 2k = 60 with v2(d) = 12(60) = 2.

- For d = 4, we get Ng = (34+1—2)/8, so Ng = 10.

For d =12, we get Npg = (3'2 41— 8Ng —2) /24, s0 Nog = 22,140

For d = 20, we get Nyy = (320 +1—8Ng — 2) /40, so Ny = 87,169, 608.
For d = 60, we get Niog = (3% + 1 — 8Ng — 24Np4 — 40Ny — 2) /120, so

Nioo = 353,259, 652,293,468, 362, 590, 059, 312.
Hence the cycle structure is

(2 x {e}) @ (10 x Cyc(8)) @ (22,140 x Cyc(24)) @ (87,169,608 x Cyc(40))
@ (353,259,652, 293, 468, 362, 590, 059, 312 x Cyc(120)).



Example: P!(Fy9)

[5, 29]
[7, 31]
[3, 13, 17, 23, 27, 33, 37, 47] [11, 35]
[7, 43] initial families [13, 37] initial families
[9, 19, 29, 39] [19, 43]
[11, 21, 31, 41] [23, 47]
(@) x=-1 (b) x=1

Lists with values of m and n for which Ry, ; and R, 5 have the same cycle structure when
x(a) = x(b) = x over P} (Eso).



X|q m n Cycle Structure
« Pl P
P (P~ ~ [P N
-1 . 1<l <k 1<l <k (2><{0})<B( ><C\c(2)> cb( ><Cyc(2k))
k odd prime 11 odd 05 odd 2k
« pn P P
4| P ) o (P=P « oye
1 k odd prime 1<t <k 1<t <k ((p+1)><{'})u< 3 X(,}(,(k))
/1 even {5 even
K 01 2y Kk
p I3 P (P =P
Lk prime 1<ti<k | 1<h<k |(PEDx{e]) ( k XC”“‘”)
—1| p3* p p*k —p+1 2x{e})® @ (Nag x Cyc(2d)) where 2dNog = p? +1 — Z 25Ny — 2
PR Lot PR
a-x 3(q—x) TX+X+1 X{.}>”<(q o
X | x (mod 8) T+1 erl g- X q-
+x+1 x{})e( 3 xC\c()




Question 2

Can we describe the Rédei permutations that decompose into 1- and j-cycles?



1- and j-cycles

x Recall: The j*" iterate of R, , has gcd(m¥ — 1,9 — x(a)) + x(a) + 1 fixed points.

» If Ry, decomposes into 1- and j-cycles, then

ged(m’ — 1,9 —x(a)) +x(a) +1 =g+ 1.



(g, x,/)-admissible integers

* Recall: Ry, has gcd(m — 1,9 — x(a)) + v(a) + 1 fixed points.

Definition
An integer d is (q, x,j)-admissible if there exists an R, , that decomposes into 1- and
J-cycles with d 4  + 1 fixed points and x(a) = x.

» d=gcd(m—1,q9—x)



When j = p is prime

Proposition
Let p be a prime, g — x = pj* -+ - p2” andd:pll---pf’ with 0 < 8; < «;. Thend is
(g, x, p)-admissible if and only if

a; — 1 or o ifpi=p>2anda;>2
)L, ai—lora ifpi=p=2anda;>?2
P = 0 or o if pi=1 (mod p)
o otherwise

foreach i€ {1,...,r}.



An existence condition

» Case p = 2: Rédei involutions always exist.

Corollary

Let p be an odd prime. There exists a Rédei permutation with 1- and p-cycles if and
only if g — 1 or g+ 1 has a prime factor of the form pk + 1 or is divisible by p?.



A characterization of Rédei permutations with 1- and p-cycles

Theorem
Let p be a prime and d be a (q, x, p)-admissible integer. The Rédei permutation R, 5
has d + x + 1 fixed points and p-cycles if and only if

(i) m is a solution to

m=1 (mod d)
mPlymP24...+m+1=0 (mod (q—x)/d)

(i) pl@2)tm—1, ifv,(d) = vp(q — x) — 1.



Counting

Proposition

Let p be an odd prime and d be (q, x, p)-admissible. Let My be the number of Rédei
permutations with fixed parameter a, d + x + 1 fixed points, and p-cycles. Then

M, — {(p — 1) ifup(d) = vp(g — X)
(p— 1) ifup(d) =vp(g—x) — 1,

where u = |{p’ prime: p’ =1 (mod p),p’ | ¢ — x and p’ t d}|.



Rédei involutions

Theorem

Let g — x = 2%0p* - - pir be the prime factorization of ¢ — x, and d = 260p151 e p?’
be a proper divisor of q — x. Then there exists a Rédei involution Ry, 5 with d 4+ x + 1
fixed points over P1(Fg) if and only if 3; € {0,;} for 1 <i < r and one of the
following situations occurs:

(i) Bo € {ao — 1, a0} and By > 1. In this case, Ry 5 has a unique cycle structure and
m=k(qg—x)/d—1 (mod g — x) for

_ p(d)—1
(qX> +i if,@ozao—].
k= 2

_ o\ wld)-1
2 <U<> Ifﬂo =

with k reduced modulo d.



(i) ag > 3 and By = 1. In this case, Ry , and R, have the same cycle structure,
where mor n = k(q — x)/d —1 (mod g — x) for

Lo (1-x p(d)-1
2d

with k reduced modulo d, and m=n+ (¢ — x)/2 (mod g — x).



Example: P!(F125)

> x(a)=1:q—1=2%-31

j jzrinle ljl;tll? Plg—17|d | My m # fixed points | # j-cycles
2 1 123 4 61
2 N/A 4 1 61 6 60
62| 1 63 64 31
3 yes, 31 no 4 2 5,25 6 40
4 no N/A
5 yes, 31 no 4 | 4 [33,97,101,109 6 24
prime > 7 no no




Example: P!(F125)

» x(a)=-1:q+1=2-32.7
j prime jk + 1, Plg+1?| d | My m # fixed points | # j-cycles
Jk+1|g+17? '
2 1 125 2 62
2 N/A 14| 1 71 14 56
18| 1 55 18 54
6 | 4 |2567,79,121 6 40
3 yes, 7 yes 18| 2 37,109 18 36
42 | 2 43,85 42 28
4 no N/A
prime > 5 no no




Example: P!(Fy9)

[5, 29]
[7, 31]
[3, 13, 17, 23, 27, 33, 37, 47] [11, 35]
[7, 43] initial families [13, 37] initial families
[9, 19, 29, 39] [19, 43]
[11, 21, 31, 41] 1-and 5-cycles [23, 47] | involutions
(a) x = -1 (b) x =1

Lists with values of m and n for which Ry, ; and R, 5 have the same cycle structure when
x(a) = x(b) = x over P} (Eso).



Back to the main question

When do R 5 and R, p have the same cycle structure?



The set S;z

> S7 = {(m,n) € N?: Ry, and R, are Rédei permutations with the same
cycle structure for some a, b € Fq with x(a) = x(b) = x}.

» Clearly, (m,n) € SY if and only if (n,m) € Sy.



Plotting the points in S}

50 [ T T T S
. e o e o e o
. 45 - B
a0l R . R . R . i .
0 e o e o .
. e o o o 40 - N
30| . . i
. ° e o ° . ®
. e o 35 b
20 - . g
. . .
30 h
. .
10 L . . . B . . . .
0 10 20 30 40 5 10 15 20
(@) x=-1 (b)) x=1

Pairs (m, n) € S3° with 1 < m < n < 49 — x, color-coded by their cycle structures.



The distribution of the points in $*J over lines

‘ Equation of the line ‘

Pairs (m, n) lying on the line

y=x+4 (13,17), (23,27), (33,37)

y=x+6 (17,23), (27,33)

y=x+10 (3,13), (9,19), (11,21), (13,23), (17,27), (19,29), (21,31), (23,33),
(27,37), (29,39), (31,41), (37,47)

y=x+14 (3,17), (13,27), (23,37), (33,47)

y=x+16 (17,33)

y=x+20 (3,23), (9,29), (11,31), (13,33), (17,37), (19,39), (21,41), (27,47)

y=x+24 (3,27), (13,37), (23,47)

y=x+30 (3,33), (9,39), (11,41), (17,47)

Y =x+ 34 (3,37), (13,47)

y=x+36 (7,43)

y=x+44 (3,47)

The distribution of the pairs (m, n) € 5% over eleven lines.




A complete characterization of 57

Theorem

Suppose q — x = pi* - - pi* is the prime factorization of ¢ — x, m is coprime with
q— X, and 0; = o,,(m). Then (m,n) € S{ if and only if n = m+ k(g — x)/d, where d
is a proper divisor of ¢ — x and k is an integer, and for each p; that divides d the
following conditions hold:

(i) pitnand op(n) =6;,
(i) ged(m® — 1, p) = ged(n® — 1, pt¥).
(i) If pi=2, aj >1 and voy(m — 1) =1, then gcd(m? — 1,2%) = gcd(n® — 1,2%).



Idea of the proof

» Recall: (m,n) € Sy if and only if gcd(m” — 1,9 — x) = ged(n" — 1, q — x) for all
positive integers r.

t
> g—x=ptpt = gad(m —1,g—x) = []ecd(m —1,p{")
i=1

0 if 0 r

» If pis odd and 8 = o,(m), then m —1)=
pl p( ) I/p( ) {Vp(me _ 1) + I/p(t) ifr=to
vo(m—1) if r is odd

» If p=2, then n(m" —1) =
P 2 ) {l/z(m2 —1)+w(r)—1 if riseven



g
Symmetries in 57

Proposition

Suppose g — x = py* -+ - p@r is the prime factorization of ¢ — x and d is a proper
divisor of ¢ — x. If (m,n) € S, then (m+ k(q — x)/d,n+ k(q —x)/d) € S{ if and
only if for each p; that divides d the following conditions hold:

(i) pit m+k(q—x)/d,n+k(q—x)/d and
0i := op,(m+ k(q — x)/d) = op,(n+ k(q — x)/d),

(i) ged((m+ k(g —x)/d)? —1,p") = ged((n + k(g — x)/d)’ — 1, p}").

(i) Ifpi=2, aj>1and va((m+ k(g — x)/d) — 1) =1, then
ged((m + k(g — x)/d)? — 1,2%) = ged((n + k(g — x)/d)? — 1,2%),



Equation Generator | d | (m+ k-50/d,n+ k-50/d),

of the line | (m, n) (n+ k-50/d,m+ k -50/d) in Z2,

y=x+4 | (13,17) |5 | (23,27), (33,37)

y =x+44 | (3,47)

y=x+6 5 | (17,23), (27,33)

y=x+10 | (3,13) | 25 | (9,19), (11,21), (13,23), (17,27), (19,29), (21,31), (23,33),
(27,37), (29,39), (31,41), (37,47)

y=x+14 | (3,17) |5 | (13,27), (23,37), (33,47)

y =x+36 (7,43)

y=x+34|(3,37) |5 |(13,47)

y=x+16 (17,33)

y=x+20|(3,23) |25 (9,29), (11,31), (13,33), (17,37), (19,39), (21,41), (27,47)

y=x+24 ]| (327) 5 | (13,37), (23,47)

Yy =x+30 | (3,33) | 25](9,39), (11,41), (17,47)

The distribution of the points over eleven lines and their corresponding generators.




All Rédei permutations R, , over P! (Fyq), with 1 < m < 49 — x(a)

[ x(@) [ m | Cycle Structure ‘
11 50 x (o]
~1 [3,13,17,23,27,33,37,47 | (2 x {}) @ (2 x Cyc(4)) & (2 x Cyc(20))
-1 | 7,43 (2 x {o}) ® (12 x Cyc(4))
-1 19,19,29,39 (2x {o})® (4 x Cyc(2)) @ (4 x Cyc(10))
~1 [ 11,21,31,41 (10 % {#}) @ (8 x Cyc(5))
-1 |49 (2 x {o}) @ (24 x Cyc(2))
1 |1 50 x {o}
1 |5,29 (6 x {#}) @ (10 x Cyc(2)) & (6 x Cyc(4))
1 7,31 (8 x {o}) ® (21 x Cyc(2))
1 | 11,35 (3= {o}) @ (11 x Cyc(2)) @ (6 x Cyc(d))
1 | 13,37 (14 x {@}) & (6 x Cyc(2)) ® (6 x Cyc(4))
1 |17 (18 x {e}) & (16 x Cyc(2))
1 ]19,43 (8 x {o}) ® (9 x Cyc(2)) ® (6 x Cyc(4))
1 | 23,47 (4% {o}) & (23 x Cyc(2))
1 |25 (26 x {o}) ® (12 x Cyc(2))
1 |4 (10 x {e}) @ (20 x Cyc(2))




Theorem
The only isolated Rédei permutations are the isolated Rédei involutions.

» Idea of the proof:
If Rm,a is not an involution, then p := og_,(m) > 2. In this case, the pair
(m,mP~1) isin SY.



Final remark

The mappings

Rm,a: Dg — Dy
fm: Lg—y — Lig—\, X+ mx
gm: Cq — Cq, X = xM

have the same cycle structure, where

o [PE) fx@=-1 . _ U
T BE) \ {2va) fx(a) =1, "

and Ugy1 is the subgroup of order g+ 1 in Fo.

if x(a) =-1
if x(a) =1,



Thank you!
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