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intersection distribution

feFq[x] (g + 1)-set S¢ in
the collective | J projective plane of order g
behaviour of | | how Sf interacts with
{f(x)+cx|celFg} lines in the plane

Shuxing Li (Simon Fraser University) Intersection Distribution



@ Point sets in projective planes and polynomials over finite fields
@ Oval polynomials and intersection distributions
@ Intersection distribution of degree three polynomials

Monomials with the same intersection distribution as x3

Application to Steiner triple systems
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Point sets in projective planes and polynomials over finite fields

Fano plane: 7 =22 +2 + 1 points and 7 = 2% + 2 + 1 lines.
(1) Every line has 3 =2+ 1 points.

(2) Every two points are on one unique line.

(3) Every two lines intersect in exactly one point.
Projective plane of order 2: PP(2).

2 — prime power g: projective plane of order g, PP(q).
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Point sets in projective planes and polynomials over finite fields

When g is a prime power, PP(q) can be derived from finite field F. J

((1,1,0))

(0,1,0))  ((1,0,1))  ((1,1,1))

affine part: (*,x,1). Exactly F3 in the above.
line at the infinity: (x,*,0).
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Point sets in projective planes and polynomials over finite fields

(g + 1)-set in PP(q) which has nice combinatorial characterization. |
((1,1,0))
\
\\ Characterization of an oval:
((1,0,0)) {(0,0,1)) a (g + 1)-set meeting all lines of
©, 1’\{» PP(q) in either 0 or 1 or 2 points.
\

((0,1,0))  ((1,0,1))  ((1,1,1))

St = {x f(), 1)) | x € F2} U{{(0, 1,0))}, where £(x) = x2. J
affine part on infinite line
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Point sets in projective planes and polynomials over finite fields

A canonical (g + 1)-set derived from f € F[x]:

St = {((6 (), 1) | x € FaJ U{{(0,1,0))},

[\

N
affine part on infinite line

RENEILS

| A

Under a mild assumption, every (q + 1)-set in PP(q) can be described as
S¢ for some polynomial f.

nice polynomials
over Iy
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Oval polynomials and intersection distribution

@ Point sets in projective planes and polynomials over finite fields
@ Oval polynomials and intersection distributions
@ Intersection distribution of degree three polynomials

Monomials with the same intersection distribution as x3

Application to Steiner triple systems
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Oval polynomials and intersection distribution

An oval is a (g + 1)-set meeting all lines of PP(q) in either 0 or 1 or 2 points.

For which polynomial f € Fg4[x], the set

Sr = {{(x, f(x),1)) | x € Fq} U{((0,1,0))}

is an oval?
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Oval polynomials and intersection distribution

An oval is a (g + 1)-set meeting all lines of PP(q) in either 0 or 1 or 2 points.

Recall that S¢ is an oval in PP(2) with f(x) = x. Note that
x? — bx — ¢ = 0 has at most two F»-solutions for each (b, c) € F3.

Observation

f € Fq[x] generates an oval S¢ in PP(q) if and only if for each b € F, the
polynomial f(x) — bx induces a mapping from F to IFq, so that every
image has at most two preimages.

Hence, f(x) = x2 is a canonical example.
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Oval polynomials and intersection distribution

Theorem (Segre (1955))

When q is odd, up to equivalence, S¢ is an oval in PP(q) if and only if
f(x) = x2.

g even: the situation is much more subtle since x? is Fa-linear over IFy. J

Definition (o-polynomial)

Let g be an even prime power. A polynomial f is called an oval polynomial
(o-polynomial) if S¢ is an oval in PP(q).
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Oval polynomials and intersection distribution

Known o-monomials on Fom
x2', ged(i,m) =1

x® m odd

X272 m =4k — 1
X23k+1+22k+1, T 4k + 1
x3244 ' m = 2k — 1 (for each (b, c) € F2n, x32t* — bx — ¢ = 0 has
at most two Fam-solutions)

v

Remark

An o-polynomial behaves like x*> over Fom (x*-like polynomial).

Not just ovals, o-polynomials can be used to construct cyclic difference
sets, bent functions, linear codes, etc.
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Oval polynomials and intersection distribution

Observation

f is an o-polynomial if and only if
e f is a permutation polynomial,
o f(x) — bx is 2-to-1 for each b € F3,.
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Oval polynomials and intersection distribution

f is an o-polynomial if and only if f is a permutation polynomial and f(x) — bx is
2-to-1 for each b € FF3.,.

Example (Intersection distribution)

f o-polynomial over F, = Fom. Count multiplicities in the following g multisets:
{{f(x) | x € Fq}} — {{1 (q times)}} (permutation)

for each b € Fy, {{f(x) — bx | x € Fg}} — {{0 (3 times), 2 (3 times)}} (2-to-1)

the intersection distribution of f: vy(f) = M, vi(f) =q, w(f) = @-
f satisfy(ingl)
: : vo(f) = T
f is an o-polynomial w(f)=gq
¢ v(f) = q(g—1)
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Oval polynomials and intersection distribution

Definition (Intersection distribution)
For 0 < i < q, define

vi(f) = [{(b, c) € IE% | f(x) — bx — c = 0 has exactly / solutions in Fg}|.

The sequence (vj(f))7_, is the intersection distribution of f.

f(X) X2,f(X2)

Geometric interpretation

x3; f(xs)}—"] The graph of f: {(x, f(x)) | x € Fq}.
(o, Abol—" x5 1) vi(f): number of non-vertical lines
xt, fi(xt) intersect the graph of f in exactly i
xa, f(xa)) points.

Xo X1 X2 X3 X4 X5 X
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Oval polynomials and intersection distribution

Proposition (Li and Pott (2020))

{vi(f)|0<i<q} < {ui(5) | 0<i<qg+1}.

f polynomial over [Fy with vo(f) = M, vi(f) =q, w(f) = @,
vi(f)=0for3<i<gq.
I
{ui(Sf) | 0 <i < g+ 1} known and S¢ is an oval
I

f is an o-polynomial
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Oval polynomials and intersection distribution

Sr line Sr oval
f(x)=ax+b [ f(x) = x? (q odd)
f o-polynomial (g even)
w(f)=qg-1 w(f) = ng_l)
minimum vo(f) maximum vo(f)

classification of o-monomials

To our best knowledge, very little is known about the collective behaviour
of {x? + cx | c €Fg}.

Shuxing Li (Simon Fraser University) Intersection Distribution



Intersection distribution of degree three polynomials

@ Point sets in projective planes and polynomials over finite fields
@ Oval polynomials and intersection distributions
@ Intersection distribution of degree three polynomials

Monomials with the same intersection distribution as x3

Application to Steiner triple systems
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Intersection distribution of degree three polynomials

Theorem (Kyureghyan, Li, and Pott (2020+))

q a power of prime p. Let f(x) = x> — ax®> be a polynomial over F.
p#3 VO(f)ZQ’ Vl(f):%r vo(f) =q—1, V3(f):%
P23 = S () = 15, ) =0, () = 4D
5;3 wo(f) = %2' vi(f) = w, w(f) =q, v3(f) = @

Let g be a power of prime p # 3 and f arbitrary degree three polynomial
over F,. We know the number of lines in PP(q) intersecting S¢ in 0, 1, 2
and 3 points.
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Intersection distribution of degree three polynomials

One ingredient in the proof

Criterion determining the number of Fam-solutions of x3 — x> — ¢ =0,
cc F3m.

Result

| A\

For ¢ € F3m, suppose xg is a solution of x3 — x> — ¢ = 0.
3 PP 0

1 2xg+ 1 is nonsquare,
{x € F3m | x*~x*~c =0} ={2 xo€{0,1}, or equivalently, c =0,

3 2xp+ 1 is nonzero square and xy # 0.

v
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Intersection distribution of degree three polynomials

Theorem (Kyureghyan, Li, and Pott (2020+))

q a power of prime p. Let f(x) = x> be a polynomial over Fy.

2 > S
P#3 | w(f) =137, vi(f) = =55, w(f) = g - 1, ws(f) = 7522

p=3 vo(f) = @, vi(f) = w, vo(f) =0, vs(f) = @

Characterize monomials with the same intersection distribution with x3
(x3-like monomials).

Recall that a x2-like polynomial is just x> (q odd) or an o-polynomial (g
even).
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Monomials with the same intersection distribution as x>

@ Point sets in projective planes and polynomials over finite fields
@ Oval polynomials and intersection distributions
@ Intersection distribution of degree three polynomials

Monomials with the same intersection distribution as x3

Application to Steiner triple systems
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Monomials with the same intersection distribution as x>

We derived a series of strong restrictions on x3-like monomials (monomials
with the same intersection distribution as x3).

Theorem (Kyureghyan, Li, and Pott (2020+))

x9 over F3m is x3-like if and only if the following holds:

(1) ged(d —1,3™ —1) =2,

(2) % is 2-to-1.
g y
(x+1)9—1 _ (x+1)9—1¢ J
X - x+1-1
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Monomials with the same intersection distribution as x>

Conjecture (Kyureghyan, Li, and Pott (2020+))

The following is a complete list of x3-like monomials x over F, (plus the
inverse if exists).
o When p =2,
o d=2 +1, ged(i, m) =1,
o d=-2"(mod g—1), ged(i,m) =1, m odd.
e When p > 3,
o d=3,
e When p =3,
o d=3 ged(i,m) = 1.
o d=3m1/242 m odd,
o d=2-3""1+1, modd.

For x?-like polynomials: p = 2, o-polynomials, p > 2, x2. J
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Monomials with the same intersection distribution as x>

Two classes of conjectured x3-like monomials x? over Fzm:
o d=3m1/2 12 modd,
o d=2-3""141 modd.

These exponents d also give m-sequences with 3-valued cross-correlation
distribution. Cross-correlation distribution concerns the count of
multiplicities in the multiset:

{{Tr3m/3(xd — bx) | x € Fam}}, for each b € Fzm.

In contrast, intersection distribution concerns the count of multiplicities in
the multiset:

{{x? — bx | x € F3m}}, for each b € Fam.
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Monomials with the same intersection distribution as x>

5S¢ line S¢ oval
f(x)=ax+b f(x) =x3 f(x) = x? (g odd)
w(f) = ‘723_1, 3,9)=1 f o-polynomial (g even)
Vo(f) =q— 1 VO(f) _ Q(qs—l), ( ,CI) —3 VO(f) = @
minimum vo(f) maximum vo(f)
classification of
x3-like monomials  classification of o-monomials

v
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Monomials with the same intersection distribution as x>

St line S¢ oval
f(x) = ax+ b () = x° F(x) = (g odd)
w(f) = q23—1, (3,q)=1 f o-polynomial (g even)
R > —i
VO(f) =q-1 VO(f) _ Q(q3 1), ( ’q) . VO(f) _ Q(q2 )

minimum vo(f) maximum vo(f)

The intersection distribution of monomials x? over Fq with g = p®, where
de{p,p +1, q+1 qzl,ﬂl,zq,q 3,g—2 q—l} 0<i<s—1,are
determined.

An application: constructions of Kakeya sets in affine planes with
prescribed sizes follow from the intersection distribution.

Shuxing Li (Simon Fraser University) Intersection Distribution




Monomials with the same intersection distribution as x>

Two classes of conjectured x3-like monomials x? over Fzm:
o d=3m1/2 12 modd,
e d=2-3"141 modd.
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Application to Steiner systems

@ Point sets in projective planes and polynomials over finite fields
@ Oval polynomials and intersection distributions
@ Intersection distribution of degree three polynomials

Monomials with the same intersection distribution as x3

Application to Steiner triple systems
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Application to Steiner systems

Triple Systems

Steiner triple systems are one of the
most well studied combinatorial
configurations.

There are not many direct
constructions of Steiner triples
systems.
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Application to Steiner systems

X3(m+1)/2+2
52:3m 11

3 over F3m, m odd

x> over F3m, m odd

over [F3m, m odd

classical Steiner new Steiner
triple systems triple systems
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Application to Steiner systems

Example (Steiner triple system)

point set: 7 points in PP(2)

block set: 7 lines in PP(2)

relation: 1. every block contains 3 points

2. every two distinct points uniquely determines a block
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Application to Steiner systems

Example (affine triple system)
Let ¥V = [F3m and

B = {{Xl,XQ,X3} | X1, X2, x3 € [F3m distinct, x; + xo + x3 = 0}

Then (V, B) forms an Steiner triple system, named affine triple system.
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Application to Steiner systems

For x3 over Fq = F3m, we have

v (x*) = M7 vi(x%) = M, va(x3) = 0, v3(x%) = alg—1)

3 2 6
Theorem (Kyureghyan, Li, and Pott (2020+))
Let f be a x3-like polynomial over Fsm. Let V = F3m and
Bf = {{Xl,X27X3} | X1, X2, X3 (S F3m distinct, f(Xiz:il(Xl) = f(Xiz:il(Xl)}

Then (V, Bf) is a Steiner triple system. Moreover, (V, Bf) is an affine triple
system if f(x) = x3 (or more generally, if and only if f is F3-linear).
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Application to Steiner systems

3(m+1)/2 +2

x3 over F3m, m odd X ~ over F3m, m odd
x23" 1 over Fzm, m odd
new Steiner
affine triple systems triple systems
when m € {3,5}
only known direct “golden” monomials
construction on 3™ point gives new examples!

for many many years
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Application to Steiner systems

Concluding remarks

Research problem

(1) Compute the intersection distribution for more monomials, especially
those with few nonzero entries.

(2) Prove that x3""™*+2 and x23"'+1 are x3-like over F3m, m odd.
(3) Prove that the conjectured list of x3-like polynomials is complete.

(4) Apply the “golden monomials” to coding theory, design theory, etc.
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