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Linear-quadratic mean field games with a major
player: Nash certainty equivalence versus master
equations”
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In honor of Professor Tyrone Duncan on the occasion of his 80th birthday

Mean field games with a major player were introduced in [26]
within a linear-quadratic (LQ) modeling framework. Due to the
rich structure of major-minor player models, the past ten years
have seen significant research efforts for different solution notions
and analytical techniques. For LQ models, we address the relation
between three solution frameworks: the Nash certainty equivalence
(NCE) approach in [26], master equations, and asymptotic solv-
ability, which have been developed starting with different ideas.
We establish their equivalence relationships.

1. Introduction

Mean field game theory was first developed for a population of comparably
small but possibly heterogeneous players; see an overview in [9]. A general-
ization of this theory is to consider a major player interacting with a large
number of minor players as initially introduced in [26]. Historically, games
with major and minor players have been studied in the literature, but usually
for static cooperative decision models (see e.g. [24, 37]).

When a major player interacts with a large number of minor players,
a crucial feature is that the mean field generated by the minor players is
a random process even if the population size of the minor players tends to
infinity. This necessitates the characterization of the dynamic property of
the mean field when the players choose their strategies based on mean field
approximations. This analytical complication is similar to what happens in
common noise models [7, 11, 14].
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Following the major-minor player mean field game model introduced in
[26], the same LQ framework has been greatly extended by different authors.
The reader is referred to [39] for non-uniform minor players, [10, 18] for par-
tial information, [31] for an application to optimal execution in finance,
[25] for system dynamics via backward stochastic differential equations, [33]
for random entrance of agents, [36] for multi-scale analysis and the notion
of asymptotic solvability, and [19] for a convex analysis approach. Mean-
while, the study of major-minor players in nonlinear models can be found
in [6, 7, 8, 15, 16, 40]. Nourian and Caines [40] treat the mean field as a
random measure flow driven by the major player’s Brownian motion and
use stochastic Hamilton-Jacobi-Bellman (HJB) equations to solve the best
responses. Bensoussan et al. [6] use stochastic adjoint equations to handle
a pair of optimal control problems with a dominating player. Carmona and
Zhu [16] apply a stochastic maximum principle under a conditional law of
the minor player. Sen and Caines [41] consider partial information and con-
trol with nonlinear filtering. Lasry and Lions [35] introduce master equations
for a nonlinear major-minor player model. Cardaliaguet et al. [12] analyze a
convergence problem for a major-minor player model with general nonlinear
cost integrands, and it is shown that the pair of master equations can be
obtained as the limit of the HJB equations for the N + 1 players as N — oo.

The analysis of leadership or Stackelberg equilibria can be found in [44]
for a discrete time model, [4, 38] for LQ Stackelberg games, [5] for con-
trol delay, [29] for state feedback and time-consistency, [17] for mean field
principal-agent problems, [21] for an application to optimal portfolio liqui-
dation, and [32] for evolutionary inspection games under a major player’s
pressure.

For LQ mean field games, the current literature has provided several
routes: The Nash certainty equivalence (NCE) approach, master equations,
and asymptotic solvability. These solution methods start with different ideas
although they all look for a certain Nash equilibrium with state feedback
information.

The NCE approach was initially developed for mean field games with all
comparably small players. One starts by considering an infinite population
and fixing the mean field [27, 28]. Next a special stochastic optimal control
problem for a representative agent is solved by finding its best response
strategy with respect to the given mean field and subsequently letting the
overall population implementing such strategies regenerate the same mean
field, leading to a fixed point problem. The set of strategies obtained is an
e-Nash equilibrium for the finite population.
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When extending the NCE approach in [28, 27] to the major player model,
the method in [26] is to augment the state space by an extra state describing
the mean field generated by different types of minor players. This Marko-
vianizes the decision problems to be solved by the major player and a repre-
sentative minor player. A key step is to assume a linear structure of the mean
field dynamics and further find appropriate constraints on its parameters by
imposing consistency conditions.

The master equation approach assigns the player in question with its
own value function and next determines the optimization rule of all players.
The mean field evolution is naturally determined by system dynamics under
the chosen strategies.

The notion of asymptotic solvability attempts to understand the large
population decision problem from a different point of view. It shares similar-
ity to convergence problems in [13, 20, 34]. One can formally start to write
the dynamic programming equations for a sequence of Nash games with
population sizes tending to infinity. If for all sufficiently large populations,
the game has a solution via the coupled Riccati equations and moreover,
the Riccati equation solutions maintain certain boundedness properties, we
say the sequence of games has asymptotic solvability. A basic question is
how to characterize asymptotic solvability in terms of some low dimensional
structure that captures all essential information of the model. This question
has been answered for LQ mean field games in [30] without a major player
and in [36] with a major player.

When taking the approaches of Nash certainty equivalence or master
equations or asymptotic solvability, one typically obtains seemingly differ-
ent solution structures. We are interested in studying the relationship be-
tween these solution equations, and their uniqueness properties. This will
shed light into the intrinsic nature of these solutions and will be espe-
cially valuable when many solution formulations via different information
or interaction patterns exist for major-minor player models and when non-
uniqueness results of mean field games have been frequently seen in the
literature [1, 3, 22, 23, 30, 43]. The main contribution of the paper is to
show that the NCE equation system is equivalent to the master equations
when the latter are restricted to quadratic solutions, and that for homoge-
neous minor players, the NCE equation system has a solution if and only if
asymptotic solvability holds. In contrast, for LQ mean field games without
a major player, the NCE equation system via consistent mean field approx-
imations may have a solution but asymptotic solvability fails [30].

The organization of the paper is as follows. Section 2 presents a summary
of the NCE approach adopted in [26]. Section 3 introduces the master equa-
tions for the LQ mean field games with a major player and K types of minor
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players and compares with the NCE equation system. Section 4 analyzes the
special case of homogeneous minor players; it first reviews the asymptotic
solvability problem in [36] and next shows an equivalence relationship be-
tween the solution of the NCE approach and asymptotic solvability. Section 5
concludes the paper.

Notation We use (2, F,{Fi}+>0, P) to denote an underlying filtered prob-
ability space. Let S™ be the set of n X n real and symmetric matrices,
S” its subset of positive semi-definite matrices, and I, the k x k iden-
tity matrix. Let Po(R™) be the set of probability measures p on R™ that
have finite second moment. Denote (y), = [p. yu(dy) for the probabil-
ity measure p. Given a symmetric matrix M > 0, the quadratic form
zI' Mz may be denoted as |z|%,. For Z = (zj;) € R™™™ denote the [;-
norm || Z;, = >, |2jk|. For matrices A = (a;;) € Rixl2 A e Rls¥la, the
Kronecker product A ® A = (aijA)lgigll,lgjglz S Rals)x(l2la)

2. The LQ mean field game with a major player

This section summarizes the methodology developed in [26] which considered
an infinite horizon. The model below takes a finite horizon for convenience
of later comparison with master equations and asymptotic solvability by
analyzing ordinary differential equations (ODEs). The approach in [26] is
applied in a straightforward manner.

We consider the LQ game with a major player Ag and N minor players
A;, 1 < i < N. The states of Ay and A; are, respectively, denoted by
Xo(t) and X;(t), 1 < ¢ < N, which satisfy the linear stochastic differential
equations (SDEs):

(1) o(t) (AoXo + Bouo(t) + Fo XN (t))dt + DodWy(t),
(2) i) = (Ag, Xi(t) + Buy(t) + FXWN(t) + GXo(t))dt + DAW;(t),
1< N, t>0,

where we have state X; € R", control u; € R™, and XM = + Zi\;l Xi(t).
The initial states {X;(0),0 < j < N} are independent with EX;(0) = z;(0)
and finite second moment. The N + 1 standard ns-dimensional Brownian
motions {WW;,0 < j < N} are independent and also independent of the initial
states. The subscript 6; is a dynamic parameter to model a heterogenous
population of minor players. We assume 6; takes values from the finite set
O = {1,..., K} modeling K types of minor players. If 0; = k, A; is called
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a k-type minor player. The constant matrices Ag, By, Fo, Do, Ax, B, F, G,
D have compatible dimensions. Denote u = (ug, --- ,un). The costs of the
players are given by

T
Do) = B [ [1X0(6) = LX) = mly, + o0,
(3) + e PTE|Xo(T) - Ty X™N(T) — 10£ 18y,
T
Ji(u) = E / e [1X(t) = NXo(t) — XM () = nfy + ()] at
0
(4) + e "TE|Xi(T) — Iy Xo(T) — Doy XWN(T) — sy, 1<i< N,

where p > 0 is a discount factor. The constant matrices (or vectors) Q,
Iy, no, Ro, Q0f7 F0f7 Nofs Q, I, Iy, n, R, Qfa Flfa FQfa nr above have
compatible dimensions, and Qo > 0, Qoy > 0, Q@ > 0, Qf > 0, Ry > 0,
R > 0. Our analysis can be easily extended to the case of time-dependent
parameters. We only take A in (2) to be dependent on ¢; for the purpose
of notational simplicity. When other parameters for A; also depend on 6;,
the analysis is similar.

For given N, define 7, = {i|0; = k,1 < i < N}, Ny = |Ij|, where
|Zx| is the cardinality of Zj, 1 < k < K. Let W}E:N) = Ni/N. Then 7(V) =

(w%N), . ,W%V)) is the empirical distribution of 61,---,0y. We make the

following assumptions.

(A1) There exists a probability vector 7 such that limy . 7V) = 7,
where m = (71, -+ , k) and minj<p<x 7T > 0.

(A2) The initial states X;(0), 0 < j < N, are independent, EX;(0) = a
for all 4 > 1, and there exists a fixed constant cq such that sup,~q £[X;(0) |2<
Co-

2.1. The limiting two-player model

Below we overview the steps in [26]. The key idea is to introduce a new
process Z(t) = [ZL(t), -+, ZE(t)]T as a state component in an augmented
state space, where Zj, specifies the mean field generated by all k-type minor
players. Given the major player’s state Xg, the process Z is described by

the following equation
(5) dZ(t) = [A()Z(t) + G(t)Xo(t) + m(t)]dt,

where Z;(0) = ap, and A(t) € RM>nEG() € R and m(t) are
continuous matrix or vector valued functions on [0, 7. The initial condition
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for (5) is due to the initial mean for the minor players as specified in (A2).
The triple (A, G,m) is not known in advance and needs to be determined
as part of the solution.

After replacing X(™) in (1)-(4) by Zle 7k Zg, we introduce two limiting
optimal control problems for the major player and a representative minor
player. Let Ay and A; stand for the two players.

Problem (P1): The major player Ay with state Xy has dynamics and
cost

K

dXy = [AOXQ + Boug + Fj Z Fka] dt + DodW),
k=1

dZ = (AZ + GXo +m)dt, t>0,

T K
Jo(uo(+)) :E/ efpt{‘Xo—FoZmZk—Uo
0 k=1

K

+ e T B|Xo(T) — Ty Y muZi(T) = mog
k=1

2 T
o + up Rouo}dt,

2

)
of

where X(0) = X((0) and Z;(0) = ap.
Problem (P2): The minor player A; with state X; has dynamics and cost

K
(6) Xm = [AgiXi—i—Bui—FFZWka—i-GXo}dt—l—DdWi,
k=1
— — K —
dX, = [AOXO + Boiig + Fo Wka} dt + DodWo,
k=1
dZ = (AZ + GX, +m)dt, t >0,

&
S~
~

K
_ _ _ 2
Jz(ul(),ﬂo()) — e Pt ‘Xz —IXo— 15 Zﬂ'ka — T]‘Q + U?Rui}dt,
k=1

K
+ e PTE|X(T) — I'; Xo(T) - I Z(T) =y
i 1 Xo(T) — Tog Y muZi(T) g
k=1 !

where X;(0) = X;(0), Xo(0) = X¢(0), Zx(0) = ap, and g is the optimal
control law solved from (P1).

To distinguish from the original model with N + 1 players, we use the
new state variables X and X;. But we still reuse the same set of variables
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ug, u;, Wy and W; in this infinite population limit model without the risk
of confusion.

2.2. Nash certainty equivalence solution

Step 1: Solution of Problem (P1)
We start by assuming that (A, G,m) has been known. Define

Fgr:ﬂ'®Fo, Fgr:ﬂ'@)r(), Fgrf:ﬂ'@rof,

o[ F]. e[, ] wo-[%]

a Z nK xn, m
Qf = 1, - IF]" QolI, —IF], o = I, =I5 Qono,
Qb = 1, —I57)" Qo I, —ITy), or = I, =I5 Qognoy-

We introduce the ODE system

dP,
(7) pPO = d—to + P()AQ + Agpo — PolBgoREIBgPO + @g,
ds _ _
(8) p%zgf+m$4mw%%@%+%mwm&

where Py(T') = Qf; and so(T') = —ij5;. The ODE system has a unique
solution. The optimal control law for Ag is

Up = —Ralﬁg [Po(Xg, ZT)T + 50] .

Step 2: Solution of Problem (P2)
Suppose A; has its dynamic parameter ¢; =  so that Ag, = A,. Denote
F™ =71 ® F. After taking the feedback control law g for Ay, we have

X;

X
= Ay G F™] } .
o 5] - - 1[5

VA OH(KJrl)Xn Ag — IB§0R0 1BgP0 7
DdW;
B 0n><1 v

- widt + L dt+ | DedWy |

|: 0n(K+1)><n1 :| |: MO — B()RO 1Bg;£0 :| OO 0
nKx1

where X;(0) = X;(0), Xo(0) = X¢(0), Z(0) = ap and P, is solved from (7).
Define
Ay (G FT| } [ B }
AH t - _ s B = ,
Q [ On(rci1)xn Ao — BoRy 'BY Py On(K+1)xn,
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M(t): 0n><11 F?T:T(_@FZ Fﬂ' :7T®F2
My — BoRy'Bfso |* 2 — /o
Qﬂ- == [Ia _Flv_FQﬂ-]TQ[I7 _Fla _FQﬂ-]a ﬁﬂ- - [I7 _F17 _FQﬂ-]TQna
QF = [I,— Iy, — I3 " Qpll, — Ty, — T3], 0f =, —I'vy, T3] Qpny.

We introduce

dP,
(9) PPe=—5 + Pubs + AP, — P.BR'BTP, +QT,
dsy,
(10) psx = % + (AT — P.BRBT) 5, + P.M — 7",

where P, (T) = Q? and s.(T) = —ﬁ}r. The optimal control law for A; is
given by

(11) a; = —RBT [Po(X], X3, ZT)T + 5] .
Finally, substituting (11) into (6) gives
dX; = (AX; + GXo + F*Z)dt — BR™'BT (X, XTI, Z")Tdt
(12) — BR™'BTs,.dt + DdW;,

Step 3: The consistency condition
For the matrices P, k = 1,---, K, we introduce the partition

(13) Py = (Peji)1<j1<3

where Py 11, Py 22 € R™", and Py 33 € R™MX"K_ The matrix functions A(t),
G(t) and vector function m(t) are represented in the form

Zl 61 my
14) A@=| : |, Go=| |, mH=| : |,
ZK Gk mg

where Ap(t) € R™"EGi(t) € R™™ and mg(t) € R* for 1 < k < K.
Denote

(15) € = [OnX’m e 70n><n7 Ina 0n><n7 T 7On><n] € RanK’
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where the identity matrix I, is at the kth block, 1 < k < K. Now we
consider the average state (1/Ny) > ;.7 X; of Ny k-type minor players with
closed-loop dynamics of the form (12). When N — oo so that N, — oo,
the limit of the state average is required to regenerate Z, (which has been
intended for the approximation of (1/Ny) > ;c7 X;) such that

dZ.= {[Ax — BR'B"P,11] e« + F" — BR™'B" P, 13} Zdt
(16) + (G — BR'B" P, 15)Xodt — BR™'B” s,.dt,

where Z = [ZT,---, ZE]T and Z,(0) = ap. Now, under the NCE method-
ology, the resulting equation system (16) is required to coincide with (5)
which had been presumed in the first place. We call this requirement the
consistency condition.

2.3. The Nash certainty equivalence equation system

Based on Steps 1, 2 and 3, we introduce the first differential-algebraic system
of equations (DAEs):

pPy = PD + PyAg + Agpo — PolBoRalﬁgPO + Qg,

pP. =P, + P.A.+ATP, — P.BR'B"P. +Q", 1<k<K,
Ay =(Ax —BR'BTP,11)es + F" — BR™'BT P, 13, VK,
G =G — BR'BTP, 12, VK,

(17)

where Py(T') = Qf; and Px(T) = QF, and the second differential-algebraic
system of equations (DAEs):

pso = 50 + (AF — PoBoRy 'BY)so + PoMy — 773,
(18) psk =55+ (AT — PBR™'BT)s, + PM— 7", 1<k <K,
M, = —BR'BTs,, VK,

where so(1") = —g; and s (T') = —1}. Note that m has been used in defin-
ing My and M. The equality constraints for A,, G, in (17) and m, in (18)
result from the consistency condition specified in Step 3. The combined
differential-algebraic system of equations (17)—(18) will be called the NCE
equation system. The matrices Ay and A, now depend on the solution of
the equation system. The solution of (17), if it exists, can be solved without
involving (18).
Denote

Xp = C([0, T); RMEHDXnUD) o (O((0, T); RNKH2xn(K+2)) K



450 Minyi Huang

x C([0, T]; R ¢ ([0, T); R™™),
X, = ([0, T); R*HD) x (O([0, T]; R*EFD) K ¢([0, T]; R™).

Definition 1. A set of functions

(P07-P17”'7PK727G)€XP7 (807317"‘78K7m)€XS

satisfying (17)—(18) on [0, T is called a solution of the NCE equation system.

Lemma 2. We have the following assertions:

i) If (Py, P1,--- ,Px,A,G) € Xp is a solution of (17), then it is unique
and Py € C([0,T); ST5 ), B, e ([0, 7); ST for each 1 <k < K.

ii) The NCE equation system has a solution if and only if (17) has a
solution.

iii) If the NCE equation system has a solution in Xp X Xs, it is unique.

Proof. i) By eliminating (A, G), we write Ag as a function of (Py,--- , Px),
and A, as a function of (Py, P1,- - , Pk ), and accordingly denote Ag(Py,-- -,
Pr), Ax(Po, Py, -, Pg). Next we write the ODEs of (Py, P, - - - , Px) where
the vector field is a continuous function of (Py, Py, - , Px) with local Lip-
schitz continuity. Hence the solution (P, P1,--- , Pk) is unique, which fur-
ther uniquely determines (4, G). After solving Py(t) and Py(t),--- , Pk(t),
we denote

~ ~

Ao(t) = Ao(Pr(t), -+, Pr(t), Ax(t) = Ax(Po(t), Pi(t),- -+, Pk (1))
Consider the standard Riccati ODE
(19) pp(] = PO =+ p@AO =+ Agpo — P()B()Ralﬁgpo + @g, po(T) = ng

We obtain a unique solution Py € C([0,T7; S_?_(KH)) [42]. Since Py also satis-
fies (19), we necessarily have Py = Py. Tt follows that P, € c([o,17; SZ(KH)).
Similarly we obtain P, € C([0,T7; Si(KH)) for 1 <k < K.

ii) Necessity is trivial. We show sufficiency. After solving (Py, Py, - - ,Pxk),
we write My(s1, -+, sk) as a linear function of s1, - - - , si, and M(sg, 1, - ,
si) as a linear function of (sg,s1, - ,Sk). Then (so,s1, - ,sk) is deter-
mined by a linear ODE system with time dependent coefficients and can be
uniquely solved. We further solve m.

iii) Suppose (P, P1,---,PxA, G, 50,51, - ,5K,m) is a solution of the
NCE equation system. Let (P}, P],- - - ,P}(,Z/,a’, S0, 81, s, ') be an-
other solution. By part i), we have (Py, P1, -+, Pk, A,G) = (P}, P, ,
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P[’(,ZI,E’). Consequently, (so, s1,...,SKk,m) = (s(, 8], , 8%, ™). Unique-
ness follows. ]

Remark 3. When T is replaced by oo, the system specified by (1)-(4)
reduces to the model in [26], and (17) is modified by replacing the two
ODEs by two algebraic equations. For the infinite horizon case, (18) can
be retained as a differential-algebraic system of equations with no terminal
condition, for which one can impose appropriate growth conditions on the
solutions (sg, sx). The consideration of time-varying sg, s, means searching
in a larger space than constant solutions.

Remark 4. A class of LQ stochastic optimal control problems is solved in
[19] based on convex analysis and the Gateaux derivative of the cost; this
approach is applied to solve the limiting optimal control problems of the
LQ mean field game with a major player for both the finite and infinite
horizon cases. This recovers both the NCE equation system obtained in [26]
and (17)—(18).

3. The master equations and their relation to the NCE
approach

Let Xg(t) and Z,i(t), 1 < k < K, be the states of the major player and
a minor player of type k, respectively. Let {ul(t),0 < t < T} denote the
(random) measure flow as the mean field generated by all minor players of
type k. Due to the correlation of the x-type minor players’ states, the limit
Ml(t) of their empirical distribution is still random except for trivial cases.

For p = (p1,- -+, pK ), where each u,, € Po(R™), define the mean function

(20) 5}1; =2k = <y>lm € Rn? ZH = [2T7 T 7217;]T’

More generally, for the measure flow {1 (t) = ( I(t), e ,,u}((t)), 0<t<TY,
we denote 2 ) = Ze(t) = (Y) i) and () =200 = 27 (1), -, 2L @)7.
For this section, p and uf always contain K components, and this should be
clear from the context.

We introduce the following model with K + 1 players with dynamics

dX{ = (AoX} + Bouo + F§ 2" )dt + DodWo, ~ 0<t<T,
dZl = (AxZ} + Buy + GX} + F72"")dt + DAW,,, 1<k <K,
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and costs

T
J()(U[),”-,UK):E/ efpt{‘Xg—Fériw—no
0

2 T
0 + U Rouo}dt,

2
+eﬂTﬂX&T)—n@w%Ty—mf

i

QOf
’ | f 2 T
J(ug, -+ yug) = E/o efpt{’Z,i - Xy -Iyz" — n‘Q + u,{Ru,ﬁ}dt,

2
+(ﬂEVMﬂ—FMﬂGU—HpW@%me,1<K<K
f

The parameters in the dynamics and costs are the same as in (1)—(4). The
major player takes (Xg, 1) as the state variable in its control problem, and
the k-type minor player takes (Z,Z, Xg, /ﬂ) as the state variable.

Take the initial time ¢ and initial state (zg,p) (resp., (zx,xo,u)) for
the major player (resp., the k-type minor player). Denote the value func-
tions Vo(t, zo, 1), Vi(t, zx, o, 1), where t € [0,T], xo,2x, € R" and p =
(w1, s b ), pw € Pa(R™).

We have the Hamilton-Jacobi-Bellman (master) equations

(21) — 0Vo + pVo
= 0} Vo(Aozo + Boilg + Fj 2")
+ |zo — IT 2" — moly, + g Rotio + (1/2)Tr(pyw, VoDo DY)

K
+ Z/agz(amvo)(t,wo,/ﬁ; y) [Awyr + Biu(t, y1, wo, p)
=1
+ Gxo + Fﬂ'gﬂ] ul(dyl)

K
1
#3° [ §T000, (00 Vo) 8,20, 0) DD ),
=1

where Vo(T', zo, p) = |wo — 17,2/ — nof\éof, and

(22) — Vi + pVi
= 9% Vi.(Agzo + Botig + Fy 2") + (1/2) Tr(Ogw, Ve Do DY)
+ 0% Vi(Axz + Bl + Gag + F™2")
+ |2w — Do — I — 9| + 4} Rie + (1/2)Tr(0s, ., Ve DDT)



LQ mean field games with a major player 453

+Z/0T By Vie) (ts 21y wo, b ) [Avyn + B (t, yi, wo, 1)

+ Gxo + ng,u] m(dyl)

K
1
+Z/§Tr[8ylyz(amvﬁ)(t> 2s 20, 115.90) DD |y (i),
=1

where V(T zx, o, it) = |2 — [1f20 — F2”f2“ - nf%f.

We may regard (21)—(22) as K + 1 dynamic programming equations
which are formally derived by a local expansion of Vp(t+e, X(T) (t+e), ut(t+e))
and Vi(t + €, Z1(t + €), X (t + €), ul (t + €)) given X(t) = 20, ZL(t) = 24,
pt(t) = p. Each of the equilibrium strategies in (4, @1, - - - , ) is selected
as a best response to maximize its own Hamiltonian. This amounts to finding

g = arg max(—@f()VoBguo — ugRouo),
Uo

(23) U, = arg II;&X(—@QVKBUK — ul Ruy,).

The integral terms in (21)—(22) account for the variation of the value func-
tion that is caused by the small perturbation of the mean field term. The
choice of 4, in (23) does not directly use the integral terms since the control
of the minor player in question has little impact on the mean field. The
reader may consult [12, 35] for master equations of nonlinear major player
models, and [13] for differentiation with respect to probability measures (if
K =1, our notation 0,(Vy(-, 1)) is equivalent to %};“)) in [13]). Note that
after differentiation of the value functions, a new variable y; arises so that
we write

(24) (0, Vo) (t, o, 115 1), (O Vi) (t, 21y o, 11 91)-
We determine B 8, Vo + 2Roto = 0, BT Vi, + 2R, = 0, which gives

(25) QO(LI'OHU) (1/2)R0 1B 8930%@ ZL‘(),/L)
(26) Uy (t, 21, To, pp) = —(1/2)R 1BTaZKV,.@(t,,’47&,950,#).

Next, substituting (25)—(26) into (21)—(22) we obtain

27) - aVo+ Vo
= 9% Vo(Aozo + FJ2") — (1/4)0% VoBoRy ' B 0, Vi
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+ foo — I7 2 — ol + (1/2)Tx(Bsya, Vo Do DY)

K
+ Z / O (0, Vo) (t, mo, s yn) (Agyy + Garg + F7 2y (dyy)

_2/28;; 8}“‘/0 t $07Hayl)BR IB ayz‘/l(t Y, Lo, W ):U’l(dyl)

1
S [ 314000 0 T) €50 0) DD (),
=1

where Vo(T', o, 1) = |zo — Izt — Uof‘éof, and

(28) — OV +pVi
= 9L Vi(Agzo + F2") — (1/2)0% V. BoRy ' Bj 0, Vi
+ (1/2)Tr(Orya, VDo DJ)
+ 0L Vi (Apzy + Gog + F™2") — (1/4)0L V,.BR™' B0, V,
+ |z — Nxg — T2 — g + (1/2)Tx(0s,., Vi DDT)

+Z/8T (O Vi (L, 26y o, 3 y1) (Aryr + Gag + F721) (dyr)
—Z / SO0 (B0 Vi) (0, 2,0, 1) B BT 0y, Vilt, o,y )y (o)
1
+ Z/gTY[aylyl(aﬂzVK)(t, 2y L0y W3 yl)DDT]:ul(dyl)?
=1

where V(T 2, 2o, ) = |2 — I g0 — L5729 — nf\éf. We call (27) and (28)
the master equations.
For the right hand side of (27), we denote it as

X0 = X0,1 — X0,2 + X0,3 + X0,4 + X0,5 — X0,6 T X0,75

where each constituent term stands for the term in the master equation
taking the same place. Similarly, the right hand side of (28) is written as

X =X1—X2+Xx3+X4— X5+ X6+ X7+ X8— X9+ Xio-



LQ mean field games with a major player 455

3.1. Quadratic solutions

Recalling (20), for o = (p1,- -+ , px ), we now simply denote z,, = (y),,. € R”
and z = [z, ,ZE]T. Denote & = [z, 27]7 and &, = [2I,al, z1]T. We
are interested in solutions of the following form:

(30)  Vi(t, zw w0, p) = ELPL(0)E + 281 (8)6 +f(1), 1<K <K,

where P(];(t) and PJ(t) are symmetric matrix functions of ¢ € [0, 7], and the
coefficient functions are differentiable on [0,7]. Such a solution
(Vo, Vi, -+, Vi) is called a quadratic solution to the master equations.

Denote the partition Pg(t) = (Pg’jl>1§j7l§2 and PL(t) = (ngl)lgj,lg&
where P(T),n e R, PE),22 € R, PL,na PL,QQ e R, PL,33 =
REX7K - Denote

sf
| S(T) 1 t ?’1
SO(t) = T7 ) Sﬁ(t) = SKQ )
S0,2 S
K,3

)

where sal SHINGN S&Q € R"K, SLI SHINGN SL2 € R”, and 52,3 e R*K,
In order to calculate the integral terms in the master equations to analyze
quadratic solutions, we introduce some notation. For 1 <! < K, denote
Al(t)= (4 — BR'BTP] Jex + F" — BR™'BTP] ,,
G/(t)=G - BR™'B"P] ,,
(31) m|(t) = —BR'B"s]

and
(A el m]
(32) A'(r) = ., G=|: |, mie= ,
_K}{ Gl mh
[ A, G FT
At@wy=10 Ay — BoR-'BIP! . FT — ByR:'BTP!
(1) nxn 0 ofy Dy o1 Ly olvy By Pg o
_OnKXn GT A
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We introduce the system of ODEs:

T

Ao FT Ay FT
R e R T R

¢ a|l"lg &
(34) pPL — Pl =PIAl + AITPI —PIBR'B'Pl +Q", 1<k<K,

(33) pP§ — P} =P}

where Pg (T') = Qp; and PL(T) = QF. The K + 1 equations are all coupled

together through the dependence of (@T,KT, AL) on (P(T)7 PJ{, e ,P}{).
We further introduce the ODE system:

(35)
" P i
psh — 80 = é? % s ig; BoRy ' By s}, + Pg:z m' — 77,
(36)
_PL,12 PL,IS
psl, — sl = (A" —PIBR'B")s — | P ,, | BoRy 'By'sf ,+ [Pl o3 | BT -7,
_PL,32 Pm,33

where sg(T) = —75; and S,TQ(T) = —1}, 1 <k < K. Note that by (32), m'
is expressed in terms of (SJ{, e ,s;().

Theorem 5. The system of master equations (27)—(28) has a quadratic
solution (29)—(30) if and only if (P(Jg7 e ,P}() satisfies (33)—(34) on [0,T],

which further determines (S(T),SJ{, e ,s}() as a unique solution of (35)—(36)
on [0,T].
Proof. See Appendix A. O

Theorem 6. The NCFE equation system (17)—(18) has a solution as specified
in Definition 1 if and only if the master equation system (27)—(28) has a
quadratic solution of the form (29)—(30). If their solutions exist, they are
unique and moreover

(37) Pk:PL, Sk:SL, for k=0,1,--- K.

Proof. First of all, the NCE equation system has a solution if and only
if (17) has a solution, which is necessarily unique. By Theorem 5, the master
equation system has a quadratic solution if and only if (33)—(34) has a
solution.
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We rewrite the ODE system of (P, - - , Px) by expressing (A4, G) in (17)
in terms of (Pp,---,Pg). The gives a new ODE system where the vector
field only has the unknowns (Py, Py, - - - , Px). Subsequently we see that the
above new vector field is the same as the one for (Pg7 e ,PJ}() in (33)-(34).
This proves the first part of the theorem together with P, = PL for all
0 < k < K. By showing the equivalence between the two ODE systems (18)
and (35)—(36), we further obtain s, = S;L forall 0 <k < K. O

3.2. Comparison of feedback control laws

Suppose (27)-(28) has a quadratic solution. By (25)-(26) and (29)—(30), we
have

_REIBOT(P(TLnXg(t) + P(T),125(t) + S(T),l(t)%
~R'BY(PL 11 Z[(8) + PL X4 (1) + PL1sz(0) + 5L, (1)),

K,1

(38)  wo(t)
(39)  ux(t)

where the right hand sides use the value of the processes at time t. We need
to determine the equation of z. Under (38)-(39) we have the closed-loop
equation

dZl = (AxZ} + GX} + F™2)dt + DdW,
(40) —BR'B"(PL,,ZL +P] pX) + Pl 37 ] )dt.

Consider N, k-type players with independent Brownian motions and initial
states of mean «y. We take their empirical mean by averaging (40) and let
N, — o00. The limit of the empirical mean should regenerate z, and this
derives

dz. = (A« — BRT'BTP! | ))e, + F" — BR™'BTP] ;)zdt
(41) +(G— BR'BTP! ) x{dt - BR™'BTs] ,at,

where Z,.(0) = ap.

By (37) and (16), if we set 6; = x, X} (0) = X;(0), X/ (0) = X(0), and
W,. = Wi, the process (X}, X(];, z) under the strategies (38)—(39) is equal to
the process (X;, Xo,Z) under the NCE based strategies. Accordingly, the
two sets of control laws are equivalent.



458 Minyi Huang

4. Homogeneous minor players

For this section, all minor players form a single type so that Ag, = A. The
state processes of the NV + 1 players A, 0 < k < N, satisfy the SDEs:

(42)  dXo(t) =
(43)  dXi(t) =

AoXo(t) + Bou(t) + FoX N (8))dt + DodWy(t),
AX;(t) + Bui(t) + FXWN () + GXo(t))dt + DdW;(t),
1<i<N, t>0,

~—~

The costs are given by (3)—(4).
4.1. The Nash certainty equivalence equation system

We follow the notation in Section 2.2 to denote

Ag Fy By Onx1
2= gy d)> B= o] M= o]
Qo = [I, -]  QolI, —Iv), 70 = [I,—10]" Qomo
Qoy = [I, —Tos)" QoslI, —Togl, oy = [I,—Tos]" Qognoy,

where we have A(t), G(t) € R™" m(t) € R™. Denote

A= [Ogin Ao(t) —[CI;B%oRaflégPo(t)} R [ijm] ’

_ On><1
M(®) = [MO - IB%ORgllBBOTso] ’
Q - [I7 _F17 _FQ]TQ[Ia _Fb _FQ]a 77 = [Iv _Fla _F2]TQ77a
Qs =[I, Iy, Do) QI ~ T, —Iogl, 7y =L, T, —Tof]"Qpny.

The NCE equation system (17)—(18) now reduces to 1)

pPy = Py + Pohg + AT Py — PyBo Ry 'BE Py + Qo,
pP = Pl + PiA + ATP1 - PlBR_IIBTpl + Q,
A(t)=A+F—BR'BTP ;1 — BRT'BT P, 13,
G(t) =G — BR'BTP, 15,

(44)

where Py(T) = Qoy, P1(T) = Qy,

Py = (Prji)icje<s Prje(t) € R™ T,
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pso = $0 + (AL — PoBoRy 'BE)so + PoMy — o,
(45) ps1 = 51+ (AT — PLBR™'BT)s; + PM — 7,
m(t) = —BR™'BT s (1),

where so(T') = —7jos, s1(T) = —17y.

4.2. The asymptotic solvability problem
To begin with, we provide some background on asymptotic solvability based
on [36]. Denote by 1j.; a k x | matrix with all entries equal to 1, and

by the column vectors {e’f sy eﬁ} the canonical basis of R¥. For instance,
e¥ =[1,0,---,0]T € R¥. Define

w=(xl 2l - al)T e RO+,
Xolt) ot
A = di 0 Ly ® &2
A = diag[Ag, A,--- Al + nxn, x N 7
g[ ’ ] 1N><1®G, 1N><N®%
ﬁ = diag[DO’ D7 . ,D] c IR(N—&—I)W,X(]\[_H)n27
By = 611V+1 ® By € ]R(N-&-l)nxnl7
Bk:eiVJ:l@BER(N—H)nxnl, 1<k<N.

Now we write (42) and (43) in the form
o~ N ~
46)  dX(t) = <AX(t) +3 Bkuk(t))dt + DAW (t), t>0.
k=0

We consider closed-loop perfect state (CLPS) information [2] so that X (¢)
is observed by each player, and look for Nash strategies. Let u_j denote the
strategies of all players other than Ag. A set of strategies (g, - ,uy) is a
Nash equilibrium if for all 0 < k < N, we have Ji (g, t_r) < Jg(ug, t—g),
for any state feedback based strategy uj which together with @_; ensures a
unique solution of X (t) on [0, 7. Denote

K, = [In,(),-'- ,0]—%[0,[‘0,--- 7F0]7
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Kof = [1,,0,--+,0] — [0, Log, -+, Tog],
Qo = K§ QoKo, Qof = KS}QOJ‘KOfy

(47) K;=10,0,---,1,,0,---,0] — [I},0,--- ,0]—%[0,]&,'-‘ , I,
Kif =[0,0,--- ,In,0,--- ,0] = [I,0,---,0] = [0, Iy, - -, Iy,
Qi = K/ QK Qir = K;QKiy,
A\p/Q:A\—pI/Q, A\p:;&\—p[,

where I, is the (i + 1)th submatrix in (47). We have Ky, K; € R**(N+1n
and Qo, Q; € R(N—&—l)nX(N—Q—l)n.

Based on [36], we introduce the equation system:

(48)
. — A AT —1pT
Py(t) = —(PoyA, )2 + Al,Py) + PyBoRy ' B Py
+Py 4 BeR Bl Py + 301, PuBrR B Py~ Q,

Py(T) = Qoy:
So(t) = —ATSy + PoyBoRy ' B Sy + Si_, PuByR™'B]'S,
(49) +Py >, BLR'BY S + K{ Quno,
So(T) = —K4;Qosmof
(50)

P(t)= —(PA,;,+ A,P) - PB;R'BTP,
+(P,ByRy'BY Py + PyBoR,' Bl P)
+(P.x\ Bk Bl P+ Y\ PBuRTBIP,) - Qi
F(T) = Qiy, 1<i<N,
(51)
Si(t) = —AT'S; + PyBoR; ' By"' S,
+P,ByR,'Bl'Sy — P,B,R"'B!S;
+3 0, PiB R'BLS; + P,y BLR'BL S, + KI'Qn,
S;(T) = —KZ.TJ;anf, 1<i<N.

The analysis in [36] is for costs without discount. The notion of asymp-
totic solvability and main results in [36] can be translated to the discounted
case verbatim once we let A,/ take the role of A used in [36] for Riccati
ODEs .
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Suppose that (48) and (50) have a unique solution (P, - - - , Py) on [0, 7.
Then we can uniquely solve (49), (51), and the Nash game of N + 1 players
has a set of feedback Nash strategies given by g(t) = —Ry ' Bl (Py X (t) +
So), 4i(t) = —R7'BI (P, X(t)+8;), 1 <4 < N. The solution of the feedback
Nash strategies completely reduces to the study of (48) and (50).

Definition 7 ([36]). The sequence of Nash games specified by (42)—(43)
and (3)—(4) has asymptotic solvability if there exists Ny such that for all
N > Ny, the Riccati ODE system consisting of (48) and (50) has a solution
(Py,---,Py) on [0,T] and supysn, o<t<7 ([Po(®)ll;, + [[PL(t)]];,) < oo.

Denote My = BoRalBOT, M = BR™'BT. We introduce the ODE sys-
tem:
A = pAQ + A9MoAQ — (A9 Ao + AT AD)
+AYMAT = G) + (A M — GT) A3 — Qo
A9 = pA + (A9 My — ADVAY + AY(M(Ay + Ag) — A — F)
—AYFy + (A M — GT) A + Qo1
A = pA9 + 29" MoAY — 29" Fy — FT AY
+A(M (A + Ag) — A—F)
H(A1 + AJ)M — AT — F1)AG — I Qo
Ao = pAg + AeMAL — 4,G — GT AT
+Ao(MoAY — Ag) + (AIMy — AT) Ao
—Ao(G— MAL) — (GT — A, M) AT — I QI
Ay = pAy + A\MA — A A— AT AL - Q,
Ay = pAy + AT (MAY — Fy) — Ay F + (AL M — AT) A,y
+A2(M (A1 + Ag) — A= F) + QIy,
As = pAg + AT MoAY + A9 Mo Ay + AT M Ay
—ATFy— FJ Ay — ATF — FT Ay
+A3(M (A + Ay) — A — F)
+((Ay + ADYM — AT — FT) A3 — TTQI,
Ao = pAg + (A9My — ATV A + Ag(M Ay — A)
—GTAy + (A M — GTYAT + 1TQ,
Ay = pAy + AgMoAY + (A M — GT)(Ag + A3) — AgFy
—AoF + Ay(M (A + Ay) — A — F)
H(AYMy — AJ) Ay — I QI

(52)
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where the terminal conditions are

ANT) = Qop,  ANT) = —Qoplvy, AYT) = I Qoslof,
Ao(T) = I Qs Iy,  Mi(T) = Qy,

A(T) = =Qs Iy, A3(T) = I'3;Q vy,

Aa(T) = =11;Qp, M(T) = T, Qs Iy

T

To give the reader some insights, we explain from where the equa-
tions in (52) arise. Note that asymptotic solvability is stated in terms of
(Py, P1,- -, Pg), the dimension of which increases with the population size.
The discount factor having been absorbed in ﬁp /2, we follow the procedure
in [36] to isolate a low dimensional structure from (Py, Py, - - - , Px). Specif-
ically, by exploiting symmetry of the ODEs (48) and (50), it can be shown
that the large matrix Py is formed from 3 distinct n x n submatrices by
arranging them into N? places. Similarly, Py is formed from 6 distinct n x n
submatrices. Any other matrix Py, k > 2, is determined from P; by appro-
priate simultaneous row and column permutations. By using the above 9
submatrices and applying appropriate re-scaling to individual submatrices,
we derive the ODE system (52) as N — oo; see [36] for more details.

Theorem 8 ([36]). The sequence of games with dynamics (42)—(43) and
costs (3)—(4) has asymptotic solvability if and only if (52) has a solution on
[0,T].

Theorem 9. The NCE equation system (44)—(45) has a solution on [0, T
if and only if asymptotic solvability holds.

Proof. By Lemma 2, (44)—(45) has a solution if and only if (44) has a solution
on [0, T7; in addition, Py and Pj in such a solution are symmetric. We denote
the two matrix functions Py and P; in (44) in the form

0 &0 b, O Dy
451 @2
Py(t) = [@OT @0]’ Pi(t)=|Pa Do D],
2 8 oy ol D

where each submatrix is n x n. For Ay and A in (44), we rewrite

A (t) _ AO FO
0 G—M®T A+ F — M(P)+Ps)|’
A G F
At) = |Opxn Ay — MY Fy — Mo®9)

Onxn G — ML A+ F — M(®; + D)
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From (44) we obtain the following ODE system

(B = p# — ) Ag — ATB) — )G ~ M)
—(GT — &, MDY + BIMP} — Qo,
DY = pd) — VFy — YA+ F — M(P; + D3))
. — ALY + (B, M — GT)®Y + &) MoPY + Qo T,
DY = p@Y — YT Fy — FI DY — YA+ F — M(P1 + D2))
—(A+ F — M(®1 + ®2))T D3 + O3 My®d3 — I'E Qol,
By = pDy — PuG — Bo(Ag — M) — D,(G — MPL) — GTPT
—(AF — &My Py — (GT — &, M)PL + P, MPL — T QI
by = pby — P A — AT®) + O MP, — Q,
(53) { Bo = pPy — D1 F — DL (Fy — Mo®Y) — Po(A+ F — M (P + P2))
—ATQSQ + P11 MPy + QI5,
b3 = pby — PYF — FTdy — &L (Fy — Mo®Y) — (B — 9T Mo) Dy,
—D3(A+ F — M(P1 + D9)) — (A+ F — M(P1 + D9))" &3
+@T M®y — TFQIY,
Dy = pPy — P A — GTP) — (AT — VM) @,
—(GT — o, M)PL + &, MD, + I'! Q,
Dy = pPy — O F — @0(F0 — Mo@%) — @b(A + F — M(@l + @2))
~GTPy — (AT — VM) Py — (GT — &, M) D3
\ + @ MPy — I'TQI,

where the terminal conditions are given by

YT) = Qoy, PYT) =—Qoslvs, PYT) = I5;Qorloy,
@o(T) = I';Qs Iy, 61(T) = Qy,

Po(T) = —Qloy, D3(T) = I}Qs Ty,

Po(T) = —11(Qp, ®(T) = I Qg

By comparing the individual equations at the corresponding place of (52)
and (53), we see the two equation systems are determined by the same vector
field with the same terminal conditions, and therefore they have the same
solution. In view of Theorem 8 and Lemma 2, the theorem follows. O

Remark 10. The equation system (52) originates from the ODE system of
Py, P, ---, Px. But (53), which is equivalent to (52), arises from solving
two optimal control problems in a low dimensional space as in Section 2.2.
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5. Conclusion

This paper considers LQ mean field games with a major player and inves-
tigates the relationship between several solution frameworks. For a model
of minor players of several subpopulations, an equivalence relationship is
established between the Nash certainty equivalence approach and master
equations. For a model with homogeneous minor players, it is shown that
the Nash certainty equivalence based solution exists if and only if asymptotic
solvability holds.

Appendix A. Proof of Theorem 5

Note that if (P(T), . ,P}() is a solution of (33)—(34) on [0, T7, it is the unique
solution by the local Lipschitz continuity of the vector fields in the K + 1
matrix ODEs. By (31), m' depends linearly on (SJ{, e ,sk). If (Pg7 e ,P}()
exists on [0, T'], we may uniquely solve (sg, SJ{, SRR s}() from a system of linear
ODEs with bounded coefficients.

We now take (29)—(30) defined for ¢ € [0, T] as a candidate solution of the
master equations. Our plan is to substitute (Vp, - - , Vi) into the right hand
side of each of the K + 1 equations in (27)—(28) and simplify the expression
into a quadratic form of & or &;. We directly compute the derivatives:

02, Vo = 2[P$,117P(T),12]§0 + 258,17 Oz Vo = QP(T),na
0o Vie = Q[PL,QD PL,227 PL,23]§H + QSL,Qv oo Vis = 2PL,227
8@ Vi = 2[PL,117 PL,127 PL,ls]fn + 2SL,17 aznzmvm = 2PL,11~

To facilitate the subsequent computation, we state two lemmas involving
derivatives with respect to probability measures. Recall the notation in (24).

Lemma A.1. Suppose Vi and Vi, are given by (29)—(30). Then we have

[8731 aﬂl%a e 7033;8#1( VO] = 25(? + 2582’

P(T),u
T
0,22

OF O Viy -+, 01 8,0, Vi) = Q(ZZPLJ?) + :L'OTPL% +2TP 55) + 2sj,j;.

Proof. Let szgél denote the sub-matrix consisting of the first n columns
of P&QQ. Let ngg?l denote the submatrix consisting of the first n rows of

Pagl, and séfSWl be the subvector of the first n entries of 5372. We obtain

O Vo = 22 Pty + 2T PUSY o + 297 s
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Therefore
O} 0, Vo = 22T Plgy + 2af PR + 28T

We similarly calculate 85; 0y, Vo for [ > 2, and obtain the first equality in the
lemma. Next we have

0 Vie = 0, (TP 337 + 22TP] 5 2,0 + 22T P o + 227 ).

Let chgél be the submatrix consisting of the first n columns of PL733. Then
8“1(2TP27332) = QETPK%Iyl, which gives 9] 8M1(2TPL7332) = 22TPI§§§1. We

further obtain the second equality. The lemma follows. O
Lemma A.2. We have 0y,,,0,Vo = 0 and 0y,4,0, Vi =0 for all1 <[ < K.
Proof. This follows from Lemma A.1. O

We proceed to evaluate the right hand side of (27) with the candidate
solution (Vy, -+, Vk). We have

X0,1 = (fovo(AoﬂEo + Fiz) = 2(§g[P(T),11» Pg,m]T + S(T)?l)(ono + Ig %),

X0,2 = |[PI),117 P$,1g]€o + S$’1|2BOR07130T,

xo03 = |1, =I§]% — m0ld,

X0,4 = Tr(P&HDODO).

Since 0y, Vi(t, yi, o, ) = 2[P2L’117 P}L’m, P;’lg]gl‘zz:yl + 25;1, we further write

Ay + Gao + F™2 — (1/2)BR™' BT, Vi(t, yi, xo, 1)
= (G- BR™'B"P] ,)z0 + (A — BR'B"P] )y
(A1) +(F" - BR'B"P] ,)2— BR'B"S],.

By (32), (A.1) and Lemma A.1,

X0 — X0.6 = [OF 8, Vo, - , 0L 8, Vol (G, AT)¢o + m)

s Yyk

Pg),12

(A.2) =2(& pi
0,22

+si5)([GT, AT +m').

By Lemma A.2, xo7 = 0.
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We further evaluate the right hand side of (28). We have

X1 — X2 = 04, Vi(Aozo + F§ ) — (1/2)0}, Ve BoRy ' Bj 0, Vo
= 2([PL721> PL,QQ? PL,23]§I€ + SL,Q)T(AOQCO + Fiz
- BORalBg([Pg,na Pg),u]fo + 58,1))
= 2([PL,217 PL 22> :223]516 + SL 2)T ) [(AO - BoRalBOTP(T),n)l"O
+ (F§ — BoRy ' By P} 1,)z — BoRy ' B{'s) |,
X3+ X7 = Tr(PLQzDoDO + Pn,11DD)7

and
X4 = 8ZTH Vi(Apzi + Gro+ F™2)
=2<[PLH7PL,12, Pl gl + sk )" (Awzs + Gao + F72),
X5 = [P 117PL,12a 5,13]55 + Sn,l’BRle’
Xe =&, —1, = I3 QUL —I, — ¥ )&,
- 277TQ[L _Fl’ _Fg]éﬁ + UTQU-
Finally,

Xs = X0 = (058, Vi, , 0L 0, ViJ([G, K*]gom*)

T
=2(z TP213+$0P523+Z ng?,"‘SJr )([ ]§0+m)

and by Lemma A.2, y10 = 0.

By the above calculations, the right hand sides of (27)—(28) may be
written as

(A.3) Xo = & Oo(t)&o + 260 00,1 (t) + 0o 2(t),
(A4) X = ELOx(t)Ex + 261 0,1 (1) + O 2(1),
where
T
Ay FT Ay FT _ -
0y = P} T AOT &' KOT Pl — P{BoRy 'Bf P} + Q,
On 1 — Ag FéT TST_ P(T),n BRleTST + P(T),12 mt —
0,1 éT KT 0 Pg),zl 049 Do Sp1 Pg),22 0
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and

0, = PLAl + APl - PIBR™'BTP] + QT,

P! P!
K,12 K,13
Orn = (AT = PIBR'BT)s — | P! ,, | BoRy'Bi's) , + |PL,, | mf — ™.
Pl Pl
£, 32 5,33

The two terms 6y 2(t) and 0, 2(t) can be determined but we omit the detail
here.

Now if (Vp, -+, Vi) in (29)—(30) is indeed a solution of the master equa-
tions, we necessarily have

pP:S—Pg:@O, pPL—PL:@H, 1<k <K.

Hence, (33) and (34) hold with the corresponding terminal conditions. In
addition, (SJ[S, SJ{, e ,sk) satisfies (35)—(36) as its unique solution.

Conversely, if (33)—(34) has a solution (P(T), e ,Pk), we further uniquely
solve (sg,s]i, e ,s}() from (35)-(36), and next solve

pr;r)—i‘zr):@(),g, prL—szHH’g, 1<k <K,

where r(T)(T) = U()TfQofﬁof and rL(T) = n?anf. By the relation (A.3)—(A.4),
then (Vp,---, Vi) given by (29)—(30) is a solution to the master equations.
This completes the proof of the theorem.
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