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Study Guide for Final Exam

This document is designed to help you study for the final exam on 21st August. Rather than give you
a sample final exam paper, you have:

• The format of the exam.

• List of topics that may be covered.

• Some sample questions on topics that haven’t been on an assignment or test.

• Some suggested exercises from the textbook.

If you have any questions, I will be having office hours at the following times between now and the
final exam:

• Monday 17th August, 5.15–5.45pm (as usual);

• Wednesday 19th August, 5.00–6.30pm;

• Thursday 20th August, 5.00–6.30pm.

Format of the exam

The front page of the exam contains the following instructions:

Answer all questions in the booklet provided.
There are 10 questions, each worth 10 marks.
For Question 1, answer each part as true or false.
For Questions 2–10, you need to explain your answer to get full marks.
Total marks: 100

You have THREE HOURS to complete the exam.

You will be given an exam booklet to write your answers in. Use the backs of the pages for rough
work–these pages will not be marked, so be warned. The question papers will be shredded afterwards,
so make sure your true/false answers are written clearly in the exam booklet (not just on the question
paper!).

Reminder about calculators

Only basic scientific calculators (i.e. not programmable, not graphical, no linear algebra functions) will
be permitted to be used. The Sharp EL-531 and Casio FX-991 are examples of permissible calculators.
If you are not sure if your calculator meets this requirement, show it to me beforehand. I will be checking
people’s calculators while proctoring the exam, and this policy will be enforced.



Topics covered

Any topic which has been covered in class is fair game for me to ask questions about. Summaries of
exactly what was covered in each class are on the course webpage. Overall, we saw the following:

(6.1) Vector spaces and subspaces.

(6.2) Linear independence, basis and dimension.

(6.3) Change of basis.

(6.4) Linear transformations.

(6.5) The kernel and range of a linear transformation.

(6.6) The matrix of a linear transformation.

(4.1) Introduction to eigenvalues and eigenvectors.

(4.3) Eigenvalues and eigenvectots of n×n matrices.

(4.4) Similarity and diagonalization.

(5.1) Orthogonality in Rn.

(5.2) Orthogonal complements and orthogonal projections.

(5.3) The Gram–Schmidt Process (but not the QR factorization).

(5.4) Orthogonal diagonalization of symmetric matrices.

(7.1) Inner-product spaces.

Not every topic listed on the course outline was covered in class, due to time constraints. In the end,
we missed out sections 4.2, 5.5, 6.7, 7.2, 7.3 and 7.4, as well as the QR factorization from section 5.3
and the spectral decomposition from section 5.4.

Sample questions

As the last assignment only went as far as section 5.1, we have’t had any test or assignment questions on
sections 5.2–5.4 or 7.1. As these contain important topics (such as the Gram–Schmidt Process, orthogo-
nal diagonization, and inner products), here are some sample questions on those subjects.

1. Consider the following vectors in R3:

v1 =

1
1
0

 , v2 =

 1
3
−1

 , v3 =

1
1
3

 .

(a) Use the Gram–Schmidt process to find an orthogonal basis B for R3, starting from {u1,u2,u3}.

(b) Suppose q1 and q2 are the first two vectors in the basis B you found in part (a).

i. Find the orthogonal projection of the vector

u =

1
2
3


onto the subspace W = span{q1,q2} of R3.



ii. Find the component of u orthogonal to W .

2. Consider the following symmetric matrix:

A =

 6 0 −2
0 0 0
−2 0 3

 .

Orthogonally diagonalize A.

3. Which of the following are inner products on the given vector space? Explain your answers.

(a) On Rn, 〈u,v〉 = 2(u ·v).

(b) On P2[−1,1] (the vector space of polynomials treated as continuous functions on the interval
[−1,1]),

〈p(x),q(x)〉 =
1
2

Z 1

−1
p(x)q(x)2 dx.

(c) On M22, 〈A,B〉 = det(AB).

4. (a) State the Cauchy–Schwarz Inequality.

(b) Recall the following inner product on P2[−1,1]:

〈 f (x),g(x)〉 =
Z 1

−1
f (x)g(x)dx.

i. Find the norm of p(x) = 1+ x with respect to this inner product.
ii. Use the Gram–Schmidt Process to find a basis for span{p(x),q(x)}, where p(x) = 1+x

and q(x) = 1− x.

Typical true/false questions

Question 1 on the exam will consist of ten statements, which you have to state are true or false. (1 mark
for a correct answer, 0 marks for an incorrect answer.) Some questions may require you to carry out a
short calculation to determine if the statement is true or not.

Here are some typical true/false questions:

(a) The set of vectors 
1

1
0

 ,

1
0
1

 ,

2
1
1


is a basis for R3.

(b) If an n×n matrix does not have n distinct eigenvalues, then it is not diagonalizable.

(c) If A and B are orthogonal matrices, then so is AT B.

Typical written questions

A typical written question will contain some or all of the following:

(a) Give the definition of [THING].

(b) State the [THING] theorem.

(c) Carry out some calculation related to [THING].

(d) Give a proof of some fact related to [THING].



By and large, the questions on the tests and assignments should be a good guide for what to expect,
except for two key differences. First, most calculations won’t be an extensive as on the assignments, due
to the constrained amount of time. Second, unlike the assignments, there will be questions where you
have to state a definition of something. So you need to learn definitions of the important concepts, such
as: subspaces, linear transformations, orthogonal sets, etc. etc.

Suggested exercises

The following exercises from the textbook are strongly recommended, for extra practice. (The numbers
in brackets are the section numbers.)

(6.1) 1, 4, 7, 8, 25, 26, 27, 31, 44, 59, 60.

(6.2) 1, 4, 5, 8, 17, 19, 21, 24, 26, 27, 34, 37, 40.

(6.3) 1, 2, 6, 7, 10.

(6.4) 1, 3, 6, 10, 11, 16, 17, 25, 29.

(6.5) 1, 4, 5, 8, 9, 11, 12, 15, 16, 19, 20, 21, 22, 26, 33, 34.

(6.6) 1, 3, 5, 7, 8, 9, 10, 17, 19, 20, 31, 32, 33.

(4.1) 1, 4, 5, 6.

(4.3) 1, 3, 6, 7, 10, 11.

(4.4) 5, 6, 8, 11, 12, 14, 17, 20, 39.

(5.1) 1, 2, 5, 6, 7, 9, 10, 12, 15, 16, 17, 21.

(5.2) 7, 11, 12, 16, 17, 18.

(5.3) 1, 3, 4, 5, 6, 9, 12, 13.

(5.4) 1, 5, 6, 7, 10.

(7.1) 1, 2, 5, 13, 14, 15, 25, 27, 28, 31, 32, 33, 41.

R. F. Bailey, 13th August 2009


