ON EXPLICIT FACTORS OF CYCLOTOMIC POLYNOMIALS OVER FINITE
FIELDS

LIPING WANG AND QIANG WANG

ABSTRACT. We study the explicit factorization of 2"r-th cyclotomic polynomials over finite field Fq
where ¢, r are odd with (r,q) = 1. We show that all irreducible factors of 2"r-th cyclotomic polynomials
can be obtained easily from irreducible factors of cyclotomic polynomials of small orders. In particular,
we obtain the explicit factorization of 2™5-th cyclotomic polynomials over finite fields and construct
several classes of irreducible polynomials of degree 2" ~2 with fewer than 5 terms.

1. INTRODUCTION

Let p be prime, ¢ = p™, and F, be a finite field of order ¢. Let @, (x) denote the n-th cyclotomic

polynomial

Quz)= [ @-0¢),
0<j<n,(j,n)=1

where ( is a primitive n-th root of unity. Clearly 2™ — 1 =[] dln Q4(z) and the Mobius inversion formula
gives Q,(x) = Hd|n(xd —1)#/4) wwhere p is the Mobius function. If (¢,n) = 1, then it is well known that
Qn(z) can be factorized into ¢(n)/d distinct monic irreducible polynomials of the same degree d over Fy,
where d is the least positive integer such that ¢* = 1 (mod n) (see [8, Theorem 2.47]). Basically we know
the number and the degree of irreducible factors of cyclotomic polynomials. However, factoring cyclotomic
polynomials @, (x) over the finite field F, explicitly still remains a fundamental question. Moreover, it
is also known that explicit factorization of cyclotomic polynomials is related to the factorization of other
interesting classes of polynomials. For example, Fitzgerald and Yucas [4] recently discovered a nice link
between the factors of Dickson polynomials over finite fields and factors of cyclotomic polynomials and
self-reciprocal polynomials. This means that factoring cyclotomic polynomials explicitly provides an
alternative way to factor Dickson polynomials explicitly.

Explicit factorization of 2"-th cyclotomic polynomials Qan(z) over F, is given in [8] when ¢ = 1
(mod 4) and in [9] when ¢ =3 (mod 4). Recently, Fitzgerald and Yucas [5] have studied explicit factors
of Qan,(x), where r is prime and ¢ = £1 (mod r) over finite field F, in order to obtain explicit factor-
ization of Dickson polynomials. This gives a complete answer to the explicit factorization of cyclotomic
polynomials Qan3(x) and thus Dickson polynomials Dang(z) of the first kind over F,. However, the
general situation for arbitrary r remains open. Without loss of generality we assume that (2r,¢) = 1. In
this paper, we reduce the problem of factorizing all 2"r-th cyclotomic polynomials over F, into factor-
izing a finite number of lower degree cyclotomic polynomials over IF,. In particular, we give the explicit
factorization of Qan,(x) over F, where r = 5. The method we are using is a combination of case by case
analysis, factorizing low degree polynomials, and the recursive construction based on basic properties of
cyclotomic polynomials.
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The irreducible factors of these cyclotomic polynomials are sparse polynomials (polynomials with a
few nonzero terms). Sparse irreducible polynomials are important in efficient hardware implementation
of feedback shift registers and finite field arithmetic ([1], [7], [10]). The second focus of our paper is to
explicitly construct sparse irreducible polynomials of high degree. We remark that explicit construction
of irreducible polynomials in general has attracted a lot of attention and a lot of progress has made in
the past two decades. Most of these constructions are iterated constructions which extend the classical
transformation f(z) — f(z™). A a nice survey on this topic as of year 2005 can be found in [3]. Here we
are interested in sparse irreducible polynomials and the classical transformation is used. Therefore the
main tool in the paper is the following classical result which helps us to construct high degree irreducible
polynomials based on low degree irreducible polynomials.

Lemma 1.1 (Theorem 3.35 in [8]). Let fi(x), f2(x), ..., fn(x) be all distinct monic irreducible poly-
nomials in Fylx] of degree m and order e, and let t > 2 be an integer whose prime factors divide e but
not (¢™ — 1)/e. Assume also that ¢™ =1 (mod 4) if t =0 (mod 4). Then fi(zt), fa(z?),..., fn(xt) are
all distinet monic irreducible polynomials in Fylx] of degree mt and order et.

In Section 2, we describe the methodology used in this paper to factor Qan,(x) over F,. We prove
that all irreducible factors of Qan,.(x) can be obtained easily from irreducible factors of Q,r,.(x) where
L is a small constant depending on ¢ and r (Theorem 2.2). This also gives a way to construct sparse
irreducible polynomials of high degree 2"r over F,. We note that the result in this section is true for
any odd g¢,r such that (¢,7) = 1. Then the rest of paper deals with » = 5. In Section 3, we obtained
the factorization results of Qang(x) when ¢ = £1 (mod 5). Since our results (Theorems 3.2, 3.4, 3.5) for
middle term are substantial simplification of the corresponding results in [5], we include proofs for the sake
of completeness. Moreover, we obtain several classes of irreducible binomials/trinomials of degree 2"~2
over F, where ¢ = £1 (mod 5). We note that our explicit factorization results are given in terms of 2"-th
primitive roots of unity and it may cause additional task to compute these roots. However, we also could
reformulate these results in terms of solving system of nonlinear recurrence relations, which seems pretty
fast when providing examples for small fields. In Section 4, we consider the situation when ¢ = 13,17
(mod 20). We obtain the explicit factorization of Qans(x) in Theorems 4.1. Moreover, we can construct
several classes of irreducible polynomial of five terms with degree 2" (Corollary 4.2). Then the cases of
g = 3,7 (mod 20) are considered in Section 5. In Theorem 5.1 we show that coefficients of the irreducible
factors of 2"5-th cyclotomic polynomials are obtained from the coefficients of irreducible factors of 27 ~15-
th cyclotomic polynomials by solving some simple systems of nonlinear recurrence relations for n < L.
Similarly we construct a class of irreducible polynomials over these fields (Corollary 5.2). We note that it
is very fast to solve these systems of nonlinear recurrence relations and to obtain the factors of cyclotomic
polynomials. As an illustration, we provide two tables of examples in Section 5.

We note that the sparse irreducible polynomials constructed in this paper and their reciprocal poly-
nomials can both be written in the form of ™ + g(z), where the degree of g(x) is at most 3n/4. It is
well known that irreducible polynomials of the form z™ + g(x) with g(z) of small degree are desirable in
implementing pseudo-random number generators and in constructing elements of provable high orders in
finite fields (see the survey paper [6]). We wonder whether or not irreducible polynomials constructed in
this paper could be useful in some of applications mentioned in [6].

2. METHODOLOGY AND NOTATIONS

In this section, we describe the method that we are using in this paper. First of all we recall the
following basic results on cyclotomic polynomials.

Lemma 2.1. [8, Exercise 2.57]

(a) Qan(z) = Qn(—2x) for n >3 and n odd.
(b) Qui(x) = Qu(x?) for all positive integers m that are divisible by the prime t.
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(¢) Qe (x) = th(xtkfl) if t is a prime and m, k are arbitrary positive integers.

Let us start with the factorizations of @, (z) and Qa,-(z) = Q,(—z). Applying Lemma 2.1, we have
Q2nr(2) = Qon-1,(x?) for n > 2. Hence the key to continue the process of factorization is to factor
Qan-1,(2?) into a product of irreducible polynomials once we obtain the factorization of Qgn-1,.(z).

Now, we show that we can reach to the end after only a finite number of iterations. Let vy(k) denotes
the highest power of 2 dividing k and L; = v3(¢"—1) for i > 1. In particular, let L := Ly, = va(q?M) 1)
where ¢ is the Euler’s phi function. Then we have the following result.

Theorem 2.2. Let g = p™ be a power of an odd prime p, let r > 3 be any odd number such that (r,q) =1,
and let L := Ly = vo(q?") — 1), the highest power of 2 dividing q®") — 1 with ¢(r) the Euler’s phi
function. For any n > L and any irreducible factor f(x) of Qar,.(x) over Fy, f(aniL) 1s also irreducible
over F,. Moreover, all irreducible factors of Qan,(x) are obtained in this way.

Proof. Since ¢,r are odd, we have ¢(r) is even and then n > L > 2. By [8, Theorem 2.47], 2%r-th
cyclotomic polynomial Qyr,(x) has ¢(2Lr)/m distinct monic irreducible factors of the same degree m,
where m is the least positive integer such that ¢™ = 1 (mod 2%7). Due to the fact that ¢®") =1 (mod r)
and L = v3(¢?") — 1), we have ¢®") = 1 (mod 2%r). This implies that m < ¢(r). By the definition of L,
we must have 2+t (g™ —1). Since each factor has order e = 27 and 21 (¢™ —1) /e, by Lemma 1.1, each
irreducible polynomial f(z) of Qsr, () generates an irreducible factor f(z2) of Qr+1,(x). More generally,
F(22" ") is also irreducible factor of Qan,(z) since L > 2 implies that 4 | g™ — 1. Moreover, f(z2" )
has degree m2(™~%) and order 2"r. Hence there are ¢(2"r)/(m2"~ ) = 2"1¢(r)/(m2" L) = ¢(2Lr)/m
distinct irreducible factors for Qan (). Therefore all irreducible factors of Qan () are constructed from
irreducible factors of Qyr,.(x) over F,,. O

We remark that there exists a simple formula for va(¢* — 1). For odd ¢, by Proposition 1 in [2], we
have

D - 1 s f valg—1) +ve(i) +va(g+1) =1, if iis even;
(1) va(g'—1) = va(q—1)4v2(q" ' +¢ +---+1){U2(q_1), if i is odd.

Since r is odd, we must have ¢(r) is even. In particular, we have vq(q?(") — 1) = va(q — 1) + va(p(r)) +
Ug(q + ].) —1.

Theorem 2.2 tells us that a recursive way of factoring 2"r-th cyclotomic polynomials essentially requires
only finitely many factorizations of low degree polynomials (at most L iterations starting from Q,(z)).
This also gives a way to construct irreducible polynomials from low degree irreducible polynomials. The
fact that we use the classical transformation on low degree polynomials can guarantee the resulting high
degree irreducible polynomials are sparse polynomials.

For n < L, since each irreducible factor f(z) of Qgn-1,(x) has the same degree m and f(z?) may not
be irreducible polynomial of degree 2m, we need to factor f(z?) further. And in most cases, we need
to factor f(z?) into two irreducible polynomials of degree m. We see more in detail for r = 5 in the
forthcoming sections. This involves the process of factoring certain types of polynomials of degree 8 into
two quartic polynomials.

Finally we fix some other notations for the rest of the paper.

Let Q(k) denote the set of primitive k-th root of unity. In particular, Q(2°) = {1}, Q(2!) = {—1}. Let
pn, denote an arbitrary element in Q(2").

The expression [[,c 4 [Ipep fi(®,a,...,b) denotes the product of distinct irreducible polynomials
fi(z,a,...,b) satisfying conditions a € A, ..., b € B. For example, in the expression

I II &= n+ewa+w?),
we(5) prne(2m)

we only take distinct factors because both p, and p;! yield the same coefficient (p,, + p,;!)w.
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Let (Z) denote the Legendre symbol and the following basic results on Legendre symbols are also
used in the paper.

(1) (i) =1 if and only if p = 1,7 (mod 8);
(ii) (;2) — 1if and only if p= 1,3 (mod 8);
(ii) (;) — 1if and only if p = £1,£9 (mod 20).

3. THE CASE ¢ = £1 (mod 5)

Recall that L; = va(q* — 1), the highest power of 2 dividing ¢* — 1 for i > 1. If ¢ = £1 (mod 5) and

=1 (mod 4) (i.e.,, g =20k+1or ¢g=20k+9), then Ly = Ly +1, Ly = L1 + 1, and L; = 4+ v2(5k) or
L1 = 2 + v (5k + 2), respectively. Moreover, p; = —1 must be a square and thus p2 = p;.

Similarly, if ¢ = £1 (mod 5) and ¢ = 3 (mod 4) (i.e., ¢ = 20k + 11 or ¢ = 20k +19), then Ly = Lo +1,
Ly =1, Ly =34v9(5k+3) or Ly = 3+ v9(5k +5), respectively. Moreover, p; = —1 can not be a square.

We have the following results for these four different cases. The first result is the same as in [5], so we
omit the proof.

Theorem 3.1. Let ¢ =1 (mod 20). Then we have the following factorization of Qaons(z) over Fy,.
(i) Qs(x) =l yean) (@ —w) and Qio(x) =[], cqe) (@ + w).

(i) If 2 < n < Ly, then
Q2ns5( H H (z —wpy) .

weN(5) preQ(2™)
(iii)if n > Lo = Ly + 1, then

Qa2ns(x H H (:in*Ll - prl) .
weQ(5) pr, €O(211)

Theorem 3.2. Let g = 20k+11 for some non-negative integer k. Then we have the following factorization
of Qans(x) over F,.
(i) Forn =0,1,2, we have

Qs(z) = H (z —w), Quo(z) = H (z +w), Qo(z) = H (* + w).
weN(5) weN(5) weN(5)
(i) if 3 < mn < Lo, then
Q2ns( H H (2% = (pn + pp, Hwz + w?) .
weQ(5) pn€Q(27)
(iii) if n > Lo, then
gn—Lla+l -1 gn—L2 2
Qans(z H H (x — (prL, — pr, )0z —w ) .
weQ(5) pr,eQ(202)
In particular, if k is even then Ly = 3 and for any n > 3,

Qans(w H H ( B +cwx2n_3—w2).

weN(5) c2=—2
Proof. In this case, L1 = vo(¢—1) =1, Ly = v3(q*> — 1) = 3+ vy(5k +3), and Ly = Lo + 1. We note that
Ly = 3ifniseven. It is obvious that Q5(2) = [[,,cqe) (¢ — w), and Qio(z) = Qs(—2) = [[,,cq) (@ +w)

because 5 | ¢ — 1. Moreover, —1 is a non-square in F, when ¢ = 3 (mod 4). Hence 2% + w is irreducible
in Fy[2] and then Q20(z) = Q10(2”) = [Tyeqs) (2% +w). Now Quo(x) = Q20(2%) = [Tyeqs) (¢* +w)-
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Since ged(40,q) = 1 and ¢ = 1 (mod 40), by Theorem 2.47 in [8], Quo(z) factors into ¢(40)/2 = 8
distinct monic quadratic irreducible polynomials in Fy[z]. Hence x* + w can be factorized into a product
of two monic quadratic polynomials. Let 2% +w = (2% + az + b)(2® + cz + d) where a,b,c,d € F,.
Comparing both sides, we have a + ¢ =0, b+ d+ ac =0, bd + ad = 0, and bd = w. Replacing a by —c,
we obtain b+d —¢? =0, (b—d)c = 0, and bd = w. Here we can write w = v* where v = w~! because
w® = 1. Using the fact that —1 is a non-square in this case, we can only have two possible solutions
(¢ # 0 because, otherwise, b> = —v*, a contradiction): (i) b = d = v?, a = —¢, and ¢? = 20?2 if 2 is a
square; (ii) b = d = —v?, a = —c, and ¢ = —2v? if —2 is a square. We note that ¢ = 4k + 3 (mod 8).
Hence if k is even, then ¢ = 3 (mod 8); otherwise, ¢ = 7 (mod 8). Moreover, ¢ = 3 (mod 8) implies
that the characteristic p of F, also satisfies p = 3 (mod 8), therefore —2 is a square in F, if k is even.
Similarly, 2 is a square in F,, if k is odd. As w ranges over 2(5), v also ranges over €2(5). Hence we obtain

H H % + cwxr — w ), if k is even;

weN(5) c2=-2
Quo(z) =
H H(sr:2+cwx+w2), if k is odd;

weN(5) c2=2

If k is even, then Ly = 3 and 272 4 (¢* —1)/40 for n > 3. Moreover, each 2%+ cwx — w? with ¢? = —2

is an irreducible polynomial of degree 2 and order 40. If n > 4, then 2”2 =0 (mod 4) and ¢> — 1 =0

(mod 4). Hence by Lemma 1.1, we have that 22" 4 cwa?"" — w? is irreducible and

Qans() = Qosg(z®" ) H H ( " +cwx2n_37w2).

weN(5) c2=—2

In particular, p3 — p3 ' = p3 + p% € F, and (p3 — p3 1)? = —2.
If k£ is odd, then Lo > 3. For each n such that 3 < n < Ly, we have pdtl =1 for any p, € Q(2").

Hence p,, + p,* = pn + p2 € F, for 3 < n < L. In particular, ps + p2 =0 and ( (p3 + p3 ))2 = 2.
Therefore

Quao(x H H z® — (p3 + p3 wz + w?) .

WEN(5) p3€Q(2%)
Let w = u2. Then for each 3 < n < L, we have
(2% = (s + o u2a® + ) = (2% = (pn + py iz +u?) (22 + (pn + p iz + u?)
Hence, for odd k and 3 < n < Ls, we obtain
Q2n5( H H (2% = (pn + pp, Hwz + w?) .
weQ(5) pn €Q(27)

We note that in the above expression we only take distinct irreducible factors.

Finally, for odd k and n > Lo, it is easy to see that pL(qH) =1 and pq+1 = 1. This implies that
q+1 __

pr, = —1and thus pr, — pL2 € F,. Moreover,
(6 = (prac + P e +ut) = (@ — (o1 — pr Jus — u?) (a2 + (pra — pplJus — u2)
Hence

Quas(@)= [ I @~ (o, — pp)yws —w?).

we(5) pr,€R(2k2)
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Since ¢ = 1 (mod 2%25) and 21 (¢ —1)/2"25, by Lemma 1.1, we conclude that 2* — (oL, — p | Jwa? —w?
is irreducible and

Qar5(w) = Q2L25($2) = H H (334 —(pro — pZ;)wa - w2) .
weQ(5) pr,eQ(2L2)

The rest of proof follows directly from Theorem 2.2 and the fact that Ly = Lo + 1 in this case. O

It is not difficult to see from the proof that we can also reformulate the above result as follows.

Corollary 3.3. Let ¢ =11 (mod 20). For any 2 < n < Lo, we have
Qus(z)= ] TI (@ +anz+ba),
’lUEQ(E)) anbn

where an, b, are all the solutions to the system of nonlinear recurrence relations

{ a? = 2b,—a, 1
b

- bn—17
with initial values ag = 0 and by = w € Q(5). Forn > Lo,

Qaons(x) = H H (:L.Q"*L2+1 i aszQ"sz I bLz) .

weN(5) ary,br,

Theorem 3.4. Let ¢ = 20k +9, w € Q(5) be fized, and L; = vo(q* — 1) for i > 1. Then we have the
following factorization of Qans(x) over F,.
(i) For n = 0,1, we have

Qs(x) =[] @®— @ +w)z+1), Qo) = [] (@®+ @ +w)z+1).
j=1,2 j=1,2
(i) if 2 <n < Ly, then
Q2w5($) = H H (332 + anT + pi) .

PrEQ(2™) an=pn (wi+w=7)
i=1,2
(iii) if n > Lo = L1 + 1, then

Qus(x) =[] II (“727&2+1 +ap,a" "+ pm) :

pL, €Q(2F1) a2L2=pL1 (2—wi—w—i)
j=1,2

In particular, if k is odd then Ly = 3 and for any n > 3,

Qans(x) = H H (JUZWQ +asz™ 3 + pg) )

pQEQ(22) a%:pQ(Q—wj —w=J)
j=1,2

Proof. Let ¢ = 20k+9. Then Ly = 2+v(5k+2), Ly = L1 +1, and Ly = Lo+ 1. In particular, if & is odd,
then L; = 2. As5+{¢—1, w € Q(5) implies w ¢ F,. However, 5 | ¢+ 1 implies a = w+w™! = w+w? € F,.
Hence Q5(x) = H (2% = (W +w )z +1), and Qio(z) = Q5(—2z) = H (2% + (W +w )z +1).

j=1,2 j=1,2
Let a; = w? + w7 for j = 1 or 2. Then Q(z) = Q10(2?) = H (:E4 + a2 —|—,00). Again,
ap=wtw—1

j=1,2

¢®> = 1 (mod 2%15) and Theorem 2.47 in [8] imply that Qqn5(z) factors into distinct monic quadratic
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polynomials. In order to factor Q(z), we need to factor x* +a;22 + py into monic quadratic irreducible
polynomials. Let z* + a12? 4+ pg = (22 + bx + ¢)(2® + dx + e) where b, ¢, d, e € F,. Then we obtain

b+d = 0
c+e+bd = a1
be+cd = 0
ce = po
Hence b = —d. Continue to solve the above system, either we have b= —-d=0o0re=c If b= —-d =0,

then ¢ satisfies that ¢ — ac + 1 = 0, contradicts to that 22 — az + 1 is irreducible. Hence e = ¢. Let
4+ a12? + po = (22 + asx + ¢)(2? — agz + ¢). Therefore e = ¢ = +p; € F, and a3 = +2p; — a;. Since
we can verify directly that as = pe(w3 +w™37) € F, are solutions to a3 = 2p; — a; where p3 = p1, we

obtain
Qux)= ]] 11 (2° + asz + p3) .

p2€Q(22) ag=pa(wi+w=79)
j=1,2

Now

Quo(x) = Qa(z*) = ] 11 (z* + azz® + p3) .

p2E€Q(22) '12:/32‘(1”1’1 ;w*j )

If £ is odd, then L; = 2. Let (:c4 + asz? + p%) = (m2 + azx + pg) (x2 —asx —|—p2) where a3, pp € F,.
Hence a? = 2ps —as. Since 2ps — po(w? +w™7) = —pa(w® —w=37)2 € F, and both ps and — (w37 —w=37)?
are non-square elements in F,, there exist as € IF, such that a§ = 2ps — ao. Hence

Q=11 I I G rarem)

p2€Q(22) a2=p2_(:1j;rw*j) a2=2ps—as
We note that Ly = 3 implies 2 { (¢ — 1)/40. By Lemma 1.1, 2* + az2? + p is irreducible and

Qs0(7) = Qao(z?) H H H (z* + azz® + p2) .

p2E€Q(22) a2:pzj(iulj-2%—w*j) a2=2p>—as

Moreover, for any n > 4, by Theorem 2.2, we conclude 22"~ + agaz?" ~ + ps is irreducible. Hence for
odd k and n > 3 we have

Qes(z)= ] 11 (+*7" + asa" 4 )

p2E€Q(22) ad=py(2—wi—w—7)
j=1,2

If k is even, then Ly > 3. For any 3 < n < L, we have p, € F, and a,, = p,(w/ + w7 € F,. Let
pn—1 = p2. Moreover, 2p,,_1 —a2 = 2p,_1 — pp_1(w¥ +w 2 +2) = —p,, 1 (w¥ +w™ %) = —a,,_;. Then

334 - an—lx2 + pi—l = (‘1:2 +anz + pn—l) (12 —anT + pn—l) )

We note p,,_1 ranges over (2"~ 1) if and only if —p,,_; ranges over Q(2"~!) for n > 3. This implies that,

Qans(x) = H H (:1:2 + anpr + pi) ,

PrEQ(2M) an=pn(wl+w=7)
j=1,2

for any 3 < n < L;. Similarly, for n = Lo, we have Qans () = Qqro15(22). Let (m4 +ap, 17%+ p%rl) =

(:c2 +aL2x+pL2_1) (:c2 —ar,T +pL2_1) where ar,,pr,—1 € Fq. Hence a2L2 = 2pr,—1 — ar,—1. Since
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2011 — PLo—1(w +w™) = —pp, 1(w¥ —w™3¥)? € F, and both pr,_1 and —(w* — w™3)? are non-
square elements in F,, there exist ar, € Iy such that a2L2 =2pr,-1—Gr,—1. Note that Ly = Lo — 1, we

have
Qar25(2) = H H H (2> +ap,x +pL,) -

pL, €Q2F1) ap =pp, (witw=J) a2L2:2le —ar,
i=1,

For n = 4, then the result follows from Lemma 1.1 and Qan5(x) = Q2L25($21L7L2). For n > 4, the
results follows from Theorem 2.2. Hence

Qus(x) =[] II (332%@“ +ag,a" "+ le) :

pry €Q(201) o}, =pr, (2—wi—w =)
j=1,2

O

Theorem 3.5. Let ¢ = 20k + 19, w € Q(5) be fized, and ps = p%"_2. Then we have the following
factorization of Qans(x) over Fy.
(i) for n = 0,1, we have

Qs(z) = _H (2* = (' +w ™)z +1), Quolz) = 'H (2 + (! +w ™)z +1).
(ii)
Q20($) = H H (sc2 + asx + 1) .

p2EQ(22) ag=powi+(pgwi)=1
j=1,2
(i) if 3 <mn < Lo, then

Qans(x) = H H (® + anz +1).

Prn€Q(2™) an=papnwi+(papnwi) 1
j=1,2
(iv) if n > Lo, then
n—Lo+1 n—L
Q2n5($) = H H (I’2 : + aLT’EQ - 1) .

PLy€Q(2E2) ap,=papp,wi —(p2pp,wl) "}
j=1,2

In particular, if k is even then Ly = 3 and for any n > 3,

Qons(z) = H H (xQn_Q Lazz? = 1) )

p3€Q(2%) ag=p2pzwi 71(;2P3wj>*1
=1,

Proof. In this case, L1 =1, Ly = 3+wv2(k+1), and Ly = Ly + 1. Again, 51 ¢— 1 implies that if w € Q(5)
then w ¢ F,. However, w € Fj2. Moreover, —1 is a non-square element. Again, it is trivial to obtain

Qs(z) = 'H (2% — (! +w ™)z +1), Qio(x) = H (% + (W +w )z +1).

Let a; denotes w’ +w™7 for j = 1 or 2. The assumption ¢ = 19 (mod 20) forces that we have (paw’)?+1 =
1 and thus pow? + (paw’) ™t = pow? + (paw’)? € F,. Moreover,

2t Fa1x? +1 = (2% + agr + 1)(2% — agz + 1),

where as = po(w3 — w™) = pow¥ + (pow3)~! € F,. Therefore,

Qa0(z) = H H (2% +asx +1) = H H (z° +asz +1).

p2E€QR(22) ag=pz(wl —w=J) p2E€Q(22) ag=ppwi+(pgwi)—1
j=1,2 j=1,2
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If k is even then Ly = 3. For n = 3 let p3 = p2 and az = papzw3 — (p2p3w3 )=, We claim that that
az € F,. First, we note that p§ = p;*, and w% = w™I. Moreover, p§ = —p3 ' because p; 2@+ — 1 and
pitt 75 1. Then
a§ = (p2p3w® — (papsw™) 1)1 = ppfuw™? — py pg W™ = (py ') (=p3 ™ = (p2(=pa)u¥) = az

Moreover, (22 +azx—1)(z? —azz—1) = 2*+agz+1 holds as a consequence of a2 = —pyw’ —p; '™ —2 =

—as — 2. Hence
Quo(x) = H H (2® +azz —1).

p3EQ(23) az=papzw —(papzwi)~1!
j=1,2

The rest of proof for even k follows from Lemma 1.1 and Qans(x) = Q4 (x2"_3).

If k is odd, then Ly > 3. For any 3 < n < Lo, we have p?t! = 1. This implies that (pgp,w? )9t =
1. Hence a, = pappw’ + (p2pnw?)™' = poppw’? + (peprw’)? € Fy. Since 2 — a3 = 2 — (papsw™ +
(p2p3w3) ™12 = powd + (pow’?) ™! = ag, we have 2* + as2® + 1 = (22 + azz + 1)(2? — agr + 1), and thus

Quo(x) = H H (:L'2 + aszx + 1) .

p3€N(23) a3=92ﬁ3’W?+(P2ﬁ3'wj)’1
Pl

We note that p,,_; ranges over Q(2"~1) if and only if pap,_1 ranges over Q(2"~1) for n > 4. Indeed,
n—1 n—1 on— 2
= (pn-1)* =1 and (papn_1)> = (pn-1) # 1. This simplifies

Qu) =[] II (z° +azz +1).

p3€Q(23) a3:p3w_j+(l)3w7‘>71

on— 2

for n > 4, we have (p2pn—1)
that

1

Now we can see that 2 — a2 = 2 — (p2ppw® + (p2ppw3) ™12 = p, 1w/ + (pp_1w?) ™! is one of a,_1’s

as pn_1 ranges over (2"1) for n > 4. Therefore

Qans(z) = Q2n715($2) = H H (x4 + an_lzz + 1)
Pn—1€Q(2" 1) ap_1=p2pp_1wIi+(p2pp_1wi) =1
Jj=1,2

H H (sc —|—anx—|—1)

pr€Q(2M) an,:pzﬂnuﬂ'-*—l(gzpnwj)_l
i=1,

H H (x2 + apx + 1)

Prn€EQ(2M) an=pnwi+(ppwi)=1
j=1,2

if k is odd and 4 < n < Ls. This completes the proof of (iii).
Finally, for n = Lg, let p7_ = pr,—1 and ar, = papr,w™ —(p2pr,w®)~'. We claim that that ar, € F,.
First, we note that p§ = p; ', and (w’)? = w=J. Moreover, pf = —p; ! holds because pL(q+1) 1 and

q+1 # 1. Then
al = (p2prL,w® —(papr,w™) 1) = pipl wPl—p3p w3 = (p3 ) (—pr )w ¥ = (p2(—pL,)wY) = ar,

Since aL2 = —pPL,—1W — pzj_lw*1 —2 = —ap,—1 — 2 for a different choice of pr,_1, we can verify
easily that (22 + ap,x — 1)(2? —ap,x — 1) =2* + ar, 12+ 1 . Hence

Qsra5(x) = H H (aj2 +ag,z—1).

pLy€Q(2E2) ap,=p2r,wl —(p2pp,wi) 1
j=1,2

The rest of proof of (v) follows from Lemma 1.1 and Qans5(z) = QgL (IQ"’Lz)_
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Again, we can reformulate the previous two results as follows:

Corollary 3.6. Let ¢ = 9,19 (mod 20). Let w € Q(5) be fized. For any 2 <n < Lo, we have
QQH5($) = H (:ﬂz + apx + bn) s

A bn
where an, by, are all the solutions to the system of nonlinear recurrence relations
2 _
a;, = 2b,—an_1
2 _
bn - bn—17

for initial values (a1,b1) = (w+w=1,1) and (a1,b1) = (w? +w=2,1). Forn > Lo,

n—Lo+1 n—L-
Q2"5(‘r) = H (:L'2 ’ + aLz‘rQ ’ + bLz) :
ary,br,
Finally we give the following classes of irreducible binomials and trinomials.

271,—2

Corollary 3.7. Let w € Q(5), Ly = va(q — 1), Ly = L1 + v2(g + 1), and p,, € Q(2") where pa = ps

(i) f(x) = a" 11 —wpp, is irreducible over F, for any ¢ =1 (mod 20) and any n > La;

(i) f(z) = 22" """ — (pp, — pzzl)wacgn%2 —w? is irreducible over F, for any ¢ = 11 (mod 20) and
any n > Lo;

(iii) f(x) = 22 aL2x2"7L2 + pr, is irreducible over Fy for any ¢ = 9 (mod 20), any n > Lo,
and any ar, satisfying a3, = 2pr, — pr, (w+w™);

(i) f(z) = 22 +aL2x2n7L2 —1 is irreducible over Fy for any ¢ =19 (mod 20), any n > Lo, and
any ar, satisfying a3, = papr,w — (p2pr,w) ",

4. THE CASE ¢ = %2 (mod 5) AND ¢ = 1 (mod 4)

We note that if ¢ = +2 (mod 5) and ¢ =1 (mod 4) (i.e., ¢ = 13 (mod 20) or ¢ = 17 (mod 20)), then
Ly=Ly+1and Ly = L; + 1. Moreover, p; = —1 must be a square and thus there exists p, € I, such
that p3 = p;.

Theorem 4.1. Let ¢ = £2 (mod 5) and ¢ = 1 (mod 4). Then we have the following factorization of

275-th cyclotomic polynomial Qans(x) over Fy.
(i) If 0 < n < Ly, then

Qans(z) = H (z4 + Pnl‘3 + pi:Z?Q + pil’ + pi) :

p,,LQQ(QW)
(i) If n = Ly (i.e., Ly = L1 + 1), then
Qans(z) = H H (504 + ana® + 3pp_12% + appn_1x + pi_l) .

pno1€Q(271) a2 =5p, 1
(#ii) If n > Ly = Lo + 1, then Qans(x) can be factorized as

gn—Lg+2 3.9n— Ly gn—La+1 1 gn—La
I 0 I (5 ™ o™ s Copuare™ ™ o),
pL, €Q(2F1) ai2 =5pr, a2L4:(QP2—1)GL2

if (2p2 —1)ar, is a square;

n—Ly+2 on—L n—Ly+1 _ n—L
I 11 [T ("7 ™™ s (canp)e® ™7 4 (<Bpragte® ™~ p1,)),

pL, €Q(2F1) ai2 =5prL, ai4:*(2ﬂ2+1)aL2

if (2p2 — Dar, is a non — square.
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Proof. Since the smallest positive d satisfying ¢ = 1 (mod 5) is 4 under our assumption, by Theorem
2.47 in [8], for all 0 < n < Ly, Qan5 factors into a product of ¢(2"5)/4 = 2"~ distinct monic irreducible
polynomials of degree 4.

(i) If n < Ly, then p, € Q(2") C F,. Hence z* + p,a® + p22? + pz + pl € F,[z]. The factorization
of Qan5(2) when n = 0,1 is trivial. Moreover, it is straightforward to verify that for p2 = p,_1

2+ pn1a®+p%_at+pd 2P+ = (2 + pa® + pla? + pla + o)) (2 — pa® + pha® — pla+p))

Hence (i) follows from Qans(7) = Qon-15(2?) and the consequences of Theorem 2.47 in [8] as mentioned
above.
(ii) From (i) and Lemma 2.1, we have

Qara5(w) = Qor15(2%) = H (2® + pr,a® + pi, " + pg, @ + p1,) -
pL, €Q(2F1)

Here 5 is a non-square in [F; under the assumption of our theorem due to the fact that the Legendre
symbol (2) =1iff p==+1,£9 (mod 20). Hence 5p, is a square element in Fy as py,, is also a non-square

element in Fy. Let a? = 5pz,. Then +ay, € F,. Hence st tar, 23+ 3pr,2® ap,pr, v+ pr,—1 € Fylx].
One can also easily verify that

a® + pr,a® + pi x4+ p} 27+ pl, = H (z* + ar,2® + 3pr, 2> + ap,pr,x + p7)) -

2 _
aL275pL1

Therefore the rest of proof of (ii) follows.

(iii) We first consider n = Ly. Since Ly = Lo + 1, we essentially need to factor 2® + ar,2% + 3pr, 2% +
ar,pr,*? + pr,—1 into two monic quartic polynomials in F,[z], where pr, € Q(2L1) and ai, = 5pL,.

Again —1 is a square element and 5 is a non-square imply that —(2p2 + 1)ar,(2p2 — 1)ar, = —(4p3 —
1)aj, = baj, is a non-square element in Fy. Hence either —(2py + 1)ar, or (2p2 — 1)ag, (exactly one of
them) is a square element in F,,.

If (2p2 — 1)ar, is a square, we let a2L4 = (2p2 — 1l)ar,. Then

@® +ap,a® + 3pr,at +ap,pr,a® + o1, = 11 (2! +ar,2® + poar,a® + (=5pr,)ag, = — pr,)
a3 ,=(2p2—1ar,
If (2p2—1)an 1 is a non-square then —(2p2+1)ar, is a square. In this case, we let a7, = —(2p2+1)ar,.
Then
2® +ap,2® + 3pp, 2t + ap,pr, 2’ + pl, = H (x4+aL4x3—pgaL2x2—|—(—5pL1)aZ41m—le)

a%4:—(2p2+1)aL2

Since each quartic polynomial is in Fy[z] and Qyz45(z) factors into product of quartic polynomials, every
such quartic polynomial must be irreducible. Hence (iii) is proved for n = Ly. The rest of proof follows
from Theorem 2.2. O

Corollary 4.2. Let ¢ = £2 (mod 5) and ¢ =1 (mod 4). Let p, € Q(27), p%wz = p2, and a3, = 5pg, .

(i) If 2(p2 — 1)ar, is a square, then g2 +aL4J;3'2n7L4 —|—aL2p23U2nfL4+1 +(=5pr, )aZix2n7L4 —pL,
is irreducible over Fy for each choice of py, ar,, and a%4 = (2p2 — Dar,;
(i) otherwise, 2" "7 + ap, a3 " 4 (—ap,po)2? T + (*5pL1)aZ41x2n_L4 — pL, 1s irreducible

over Fy for each choice of pn, ar,, and a}, = —(2ps + 1)ar,.
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5. THE CASE ¢ = £2 (mod 5) AND ¢ =3 (mod 4)

We note that if ¢ = £2 (mod 5) and ¢ = 3 (mod 4) (i.e., ¢ = 3 (mod 20) or ¢ = 7 (mod 20)), then
L:=Ly=Ly+1and Ly = 1. However, Ly = 3+ v2(5k + 1) for ¢ = 20k + 3 and Ly = 3+ va(5k + 3) for
q=20k+T1.

Theorem 5.1. Let ¢ = 2 (mod 5) and ¢ = 3 (mod 4). Then we have the following factorization of
Qans(z) over Fy.
(i) If 0 < n <1, then
Qus(@) = [ (2" +pua® + p22% + pla + pp) -
pPn€EQ(2™)
(ii) If 2 < n < Lo, then

Qans(7) = H (334 + anxg + bn$2 +cnT + 1) )

@ ybn,Cn

where an, by, ¢, satisfies the following system of nonlinear recurrence relations

20, — a2 = Qp_1

24+ b2 —2a,c, = byp1

an - C% = Cn—1,
for initial values a1 = —1, by =1, and ¢; = —1.

(iii) If n > L = Ly = Lo + 1, then
Q2n5(:1;) _ H (x271—L+2 + @Lx3'2n7L + be2nfL+1 + CL]:QH—L - 1) ’

ar,br,cr

where ar,, by, cr, satisfies the following system of nonlinear recurrence relations

2bL — a% = 4ar-—1
—2+bQL—2aLcL = bp_1
—2bp, — 3 = cr-1,

for each triple ar,—1,b,_1,cr—1 obtained in (ii).

Proof. (i) Under the assumptions that ¢ = 2 (mod 5) and ¢ = 3 (mod 4), Qan5(x) factors into a
product of ¢(2"5)/4 = 2"~1 distinct monic irreducible polynomials of degree 4. It is trivial to check
Qs(2) = [[yeqp) (@ —w) = 42+ 2?2 x4+ 1and Quo(z) = Qs(—2) =a2* — 23 + 22 — 2 4+ 1.

(i) Since Qan5(x) = Qan-15(2?), it is enough to study the factors of x® +a, _12°+b,_12* +¢, 122+ 1.
Again, the consequence that each irreducible factor of Qans5(x) has degree 4 simplifies the problem and
thus we only need to consider the following irreducible factorization

Bt an 128 +b, 12t +en12®+1
= (334 + d3.733 + dQJ)Q + d1$ + do) (334 + 63])3 + 62],‘2 +e1x + 60)

Since all the roots of an irreducible factor are the conjugates of a primitive 2"r-th root of unity,
dy and eq are of form 61+q+q2+q3 for some primitive 2"r-th root of unity . Under our assumptions,
5|1+q+q®+q> Moreover, va(1 +q+ q*>+ ¢*) = va(q+ 1) + 1 = Ly. This implies that for 2 <n < Lo
we have 2"5 | 1+ ¢+ ¢®> +¢>. Hence dg = eg = 1. Then one can easily show that e3 = —d3 and e; = —d;
because coefficients of 7 and z vanish in the product. This forces that ds = e5. Hence we have

PB4 an 128+ b, 12t +ep12®+1
= (:c4 + anx® + by + cpx + 1) (x4 — apx® + bya? — cpr + 1)
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By comparing both sides of the above equation, we conclude ay,, by, ¢, (2 < n < L) must satisfy the
following system of nonlinear recurrence relations

2b,, — ai = Qp_1
2+ b,% —2an¢, = bp_1
20, — 2 = Cp_1-

We note that the above system has exactly two solutions for each n due to the fact that the factorization
is unique,
(iii) For n = L = Ly + 1, we have 257 § 1 + ¢ + ¢®> + ¢®. But 221 | 1 + ¢ + ¢® + ¢® implies that
dy = eg = —1. So we must have
B4 an_128+ b2t +ep_12®+1
= (x4 + ana® + by + cpx — 1) (x4 — apx® + bpa® — cpx — 1)

Hence ar, by, ¢, satisfy the following system of nonlinear recurrence relations

2bL — a% = ar—-1
—2+b%—2aLCL = br_1
—2b, — 2 = cr-1,
for each triple ay,—1,br,—1,cr—1 obtained in (ii). The rest of proof follows from Theorem 2.2. O

We note that if ¢ = 3 (mod 20) and % is even, or, ¢ = 7 (mod 20) and k is odd, then L = 4. So the
factorization over these fields is very fast. We also note that for small n’s the solutions (ay, by, ¢, ) of the
above systems of nonlinear recurrence relations can be explicitly expressed in some cases. For example,
for ¢ = 3 (mod 20) and q > 3, the solutions (az, by, c2) satisfy that a3 = —5, by = 3p1, co = asp;. If k is
even, then a% =2—as, b3 =1,and c3 = 3a§1; if k is odd, then a§ = —2—a9, bg=—1,and c3 = 3a§1.
For ¢ = 7 (mod 20), if k is odd, then a3 = 2 —ag, b3 = 1, and c3 = 3a§1; if k is even, then a3 = —2 — ag,
b3 = —1, and c3 = 3a§1.

Corollary 5.2. Let ¢ = +2 (mod 5) and ¢ = 3 (mod 4). Denote L = va(q* —1). Let ay = —1, by = 1,
and ¢y = —1. For each ay,by,cy, satisfying

2bL — a% = ar—1

_2+b2L —2aLcL = bL,1

—QbL — C% = CL-1,
and

2b,, — afn = Q-1

2+ bfn —20mCm = b1

20b,, — 2, = Cm_1,

where 2 < m < L — 1, the polynomial
2n7L+2 + aLx3.2n—L + bL$2n7L+l + ch2n7L - 1
is irreducible over Fy for any n > L.

Finally we use some examples to illustrate our results. We provide the following tables for coefficients
(@n,bn, cn) appeared in the factorization of Qons () over I, where ¢ = 7 or 67. We note that (a,, by, cn)’s
are computed using MAPLE programs, which are simple implementations of solving the systems of
nonlinear recurrence relations as stated in Theorem 5.1.
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TABLE 1. Factorization of Qans(x) over Fy where ¢ =7 (k is even, Ly = 5)

n 1 2 3 4

N OO R RFE OO OO WO O
%%MN@@DO}OOJO‘!OTH»—AOOOT

DR HF DOk WO ON U O~ Oy Ul
o — O T T D T

B R O O s s Ot Ot
TN O O =Wk Ww
PN AN N NN AN

(anyb’nac’n) (_171’1) 24 4 3§

Wk W oty O O

/_\/_\AAA/.\/_\/_\

AN AN AN AN AN N N N N N N S N S S N

TABLE 2. Factorization of Qan5(x) over Fy where ¢ = 67 (k is odd, L4 = 4)

n 1 2 3 4
(21,61, 63)
(46,61, 4)
(16,1,63) | (33,34,53)

(14,64,53) | (51,1,4) | (34,34,14)

(an, b, en) | (=1,1,1) (53,64,14) | (4,1,51) | (14,33,34)
(63,1,16) | (53,33,33)

(4,6,16)
(63,6,21)

6. CONCLUSION

In this paper, we obtain the explicit factorization of cyclotomic polynomials of Qan,.(x) over finite
fields where r = 5 and construct several classes of irreducible polynomials of degree 2”2 with fewer than
5 terms. Our approach is recursive, i.e., we derive the factorization of Qsr,.(x) from the factorization of
Qar-1,.(2%). We show that we can do it with at most L,y = v2(q®") — 1) iterations. A key component
of our approach for r = 5 is to factor certain types of polynomials of degree 8 into two quartic irreducible
polynomials. It would be more desirable to obtain explicit factors of Qan,.(z) for arbitrary r. One would
expect that it involves the factorization of certain types of polynomials of degree 2m where m | ¢(r) into
a product irreducible polynomials of degree less than or equal to m. Another contribution of this paper
is the construction of several classes of irreducible polynomials over finite fields with at most 5 nonzero
terms. We note that one can also construct more classes of irreducible polynomials for other choices of r
as a consequence of Theorem 2.2.
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