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ABSTRACT. Let p be an odd prime and ¢ = p™. Let [ be an odd positive
integer. Let p = —1 (mod ) or p = 1 (mod !) and ! | m. By employing

=1

2 n
(2t — 1
the integer sequence a, = Z (2 cos %) , which can be considered
t=1
as a generalized Lucas sequence, we construct all the permutation binomials
P(z) = z" + z* of the finite field Fq.

1. INTRODUCTION

For integer n > 0 and odd positive integer [, let
5 n 5 n
an = Z (2 cos 7T<2tll)> = Z ((—1)t+12 cos 77)

t=1 t=1
One can show that {a,}22 is an integer sequence. For | = 5, a,, = L,, is the Lucas
sequence. For [ =7, a,, satisfies the recurrence relation a, = an_1 + 2ap_2 — an_3
with initial values ag = 3, a1 = 1, as = 5. This is the sequence A094648 in Sloane’s
Encyclopedia [8]. In this paper we investigate the relation of the sequence a,, with
permutation properties of a binomial over a finite field.

Let Fy be a finite field of ¢ = p™ elements with characteristic p. A polynomial
P(x) € Fylz] is called a permutation polynomial of F, if P(z) induces a bijective
map from F, to itself. Permutation polynomials for a finite prime field F, were
first investigated by Hermite [4]. The first systematic study of permutation poly-
nomials over a general finite field is due to Dickson [1]. One of the most useful
characterizations of permutation polynomials is the following ([5], Theorem 7.4).

Hermite’s Criterion P(z) is a permutation polynomial of Fy if and only if

(i) P(z) has ezactly one root in F,.

(ii) For each integer t with 1 <t < g—2 and t # 0 (mod p), the reduction of [P(z)]*
mod (29 — x) has degree less than or equal to g — 2.

Using this criterion Dickson classified the permutation polynomials of degree
< 6 over a finite field F;, moreover he showed that for degree d = 4 or 6 there
are no permutation polynomials over F, for large ¢ = p™ provided p # 2. In
1966 Carlitz conjectured that for a given even integer d there are no permutation
polynomials of degree d over F, for sufficiently large ¢q. Later Hayes [3] established
this conjecture when p t d. In 1993, Fried, Guralnick, and Saxl [2] proved that
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the Carlitz conjecture is true in general. Results of this type in the theory of
permutation polynomials indicate that the search for permutation polynomials is
an interesting and challenging problem.

In this paper we consider the binomial P(z) = 2" + 2® with r < u. Let | =
(u,q%;,l) and s = ql;l. Then we can rewrite P(z) as P(x) = z"(1 4+ 2°°) where
(e,1) = 1. One can show that if P(z) = 2"(1 + x°%) is a permutation polynomial,
then (r,s) =1, and [ is odd (These are consequences of Theorem 1.2 of [9]). From
now on, we assume that [, r, e and s satisfy the following conditions:

(r,s) =1, (e,l) =1, and [ is odd. (%)

The sequence {a,,} is called s-periodic over F, if a,, = anrs (mod p) for integers
k and n. We first prove the following.

Theorem 1.1. Under the conditions (x) on I, r, e and s, the binomial P(x) =
" (14 x°%) is a permutation binomial of Fy if (2r +es,l) =1, 2° =1 (mod p) and
{an} is s-periodic over T,

The connection between the s-periodicity of the sequence {a,} and the permuta-
tion binomial P(x) arises from the fact that if P(x) is a permutation binomial then
by Hermite’s criterion certain lacunary sums of binomial coefficients will be zero.
These Lacunary sums have expressions in terms of the sequence a,, (see Lemma 2.2
and Corollary 2.3).

As an application of Theorem 1.1, in our next theorem we characterize permu-
tation binomials P(z) = 2" 4+ 2 over certain finite fields. More precisely, we prove
the following.

Theorem 1.2. Let p be an odd prime and q = p™. Letl be an odd positive integer.
Let p=—1 (mod l) or p=1 (mod 1) and I | m. Under the conditions (x) onr, e
and s, the binomial P(x) = 2" (14 x°%) is a permutation binomial of Fq if and only
if (2r +es,l) =1.

Corollary 1.3. Under the conditions of Theorem 1.2 on q and l, there are exactly
% permutation binomials P(x) = «"(1 + x°°) of Fy. Here, ¢ is the Euler
totient function.

The structure of the paper is as follows. We start, in Section 2, by finding
an explicit expression for lacunary sums of binomial coefficients. The proofs of
Theorems 1.1 and 1.2 are given in Sections 3 and 5 respectively. Section 4 describes
a lemma needed in the proof of Theorem 1.2. Finally at the end of the paper, as an
application of our theorems, we provide several examples of permutation binomials

P(x) =a" (14 2°°) of F,.

Note. Note that there is no permutation binomial P(x) = 2" + a* of a finite field
of characteristic 2. This is true since in this case P(0) = P(1) = 0.

2. LACUNARY SUMS OF BINOMIAL COEFFICIENTS

In this section we evaluate the sum of binomial coefficients (2,:) as k varies on

an arithmetic progression with a common ratio .
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Let f(z chz be the generating function of the sequence {cy}%2,. Let
k=0
(= ¢*T. Then we have
o 1 = o 1 -1
<1> S et T e S = 1Y )
k=0 t=0 k=0 t=0

k=a(mod 1)

Now let

(") 0<k<m
C = k .
0 otherwise.

Then {ci} is the sequence of the binomial coefficients with f(z) = (1 + 2z)™.

2n
2
Definition 2.1. §(2n,l,a):= <;‘)
kzak(jxood 1)

Lemma 2.2. Let [ be an odd positive integer. We have

-1

22n 2 |2 AN
S(Zn,l,a):Tqu Z(Qcosi) cosWT(2nf2a)

t=1

Proof. From (1) we have

on 1 -1 -1
S@n.la) === = 7> "1+ ZZC‘” MCE TR
t=1
2 = 2n Tt
= Tz:: (2(:05 ) cos T(Qn— 2a). O

Next we find another expression for S(2n,l,a). To do this, we need to review
some basic facts regarding Chebyshev polynomials (see [7] for details).

We recall that the n-th order Chebyshev polynomial of the first kind is defined
by

To(x) = (") + tg )2+ + ™z = cosnd,

where n is a non-negative integer, x = cosf, and 0 < 6 < 7. We have T, (—z) =
(—1)"T,(x), " € Z and 27==1 | ™). Similarly, the n-th order Chebyshev
polynomial of the second kind is defined by
sin (n + 1)0

sin 0

Un(z) =

where n is a non-negative integer, x = cosf, and 0 < # < w. One can show that
U, () has exactly n zeros and the k-th zero is

wk
n+1

2 = COs

Now let [ be an odd integer. Let

odd _ Z_Tl _ % mk
Upi(z) =2 H (x—2) =2 H (a:—cosT).

odd k odd k
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We define UF¥$™(z) respectively. We can show that UL (x) and UP¥$®(z) both have
integer coefficients ([6], Theorem 2). So we have the following factorization over Z

Ui (@) = U (2) x U ().

Recall that for integer n > 0

-1 -1

an = i: (2005 W(?tl_l))n = i: <(_1)t+12COS 77>n

t=1 t=1

From the above discussion it is clear that {a,}5%, is a recursive integer sequence
and the monic polynomial UP%! (%) is the characteristic polynomial of the recursion.

By employing the sequence {a,, } and the coefficients tgn) of the n-th order Cheby-
shev polynomial of the first kind in Lemma 2.2, we have the following explicit
representation for S(2n,l,a).

Corollary 2.3. Let 1 < j < I_Tl and 2n —2a = j, | — j (mod 1). Then

) o "
[ S(2n,l,a) =2°" + (=1)’ (251@2%]‘ +omr et o+ 20 am) :

This explicit expression for S(2n,l,a) plays a fundamental role in the proof of
our first theorem.

3. PROOF OF THEOREM 1.1

Proof. Since ! and p are odd, P(x) has only one root in F,. So by Hermite’s
criterion, it suffices to show that for each integer ¢t with 0 <t < ¢—1and t # 0
(mod p) the reduction of [P(x)]" (mod 2 — x) has degree less than ¢ — 1. We have

7
=0

t
t 4
[P(:L')]t _ xrt(l _’_xes)t _ Z <> prities
Note that since (r,s) = 1, then 7t + ies can be a multiple of ¢ — 1 only if s | ¢. Let
t = ¢s for some ¢ (1 < ¢ <1 —1). Since (e,l) = 1, we have e¢?®) = 1 (mod 1) and
hence we have

(2) [P(2)]° (mod 29 — z) = S(cs, I, —ce®D7Lr)zd=t 4.

forc=1,---,1 — 1. Therefore we need to show that S(cs, l, —cre?®=1) = 0 (mod p)
forall c =1,---,1 — 1. First we note that (2r +es, 1) = 1 implies cs 4 2cre?) =1 #
0 (mod 1). Let cs + 2cre®®=1 = j or I — j (mod [) where 1 < j < 1. For these
cases by applying 2° = 1 (mod p), s-periodicity of {a,}, Corollary 2.3, and the
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definition of the sequence a,,, we get
e t(])
l S(CS, L —CT€¢(l)_1) = 2+ (_1)] (2] 5j—1 %es+j + 2] 2a’cs+(3 1) +oe Tt 2t(J)aCS>

j—1 2i—2

2
-1
2

- 1)72 TJ< 1)ttt s77>
t=1

@) (J) ,
1+(—1)J< I —aj+ 2= a; +~-~+2t6j)a0> (mod p)

i

1- E (—1)t*t cosLlj =0 it j is odd;
— wtj s

1—|—§ COSTZO if j is even.

So 1 S(cs,1, —cre?™=1) =0 (mod p). Since I | (¢ — 1), we have (p,1) = 1 and thus
S(cs, 1, —cre®W=1) =0 (mod p). This shows that [P(z)]*® (mod 29 — x) has degree
less than ¢ — 1. The proof is complete. ([

4. LEMMA

We need the following lemma in the proof of Theorem 1.2.
Lemma 4.1. Letl be odd. Let p be an odd prime, ¢ = p™, s = q?—l and o be any
nonzero element of F,. Then
(i) If p=—1 (mod 1), we have a® =1 in F,.
(i) Ifp=1 (mod I) and I | m, we have o® =1 in F,.

Proof. (i) Let d = (p — 1,1). Since d = 1 and o' =Pl =1in Fp, so «
is the I-th power of an element 3 of F, ([5], Exercise 2.14), i.e. a = #'. Thus
a* = (Y =pi~t =1in F,.

(ii) If v is an I-th power in F, then a7 =1in F, and therefore o® = 1in [F,. If
o is not an I-th power in F,, then the equation z! = a has no solution in F,. Since
! | m, this equation has a solution in F, ([5], Exercise 2.16). So there isa 3 € F,
such that o = 5*. We have

o' = gt =1

inF,. O

We are now ready to prove the main result of this paper.

5. PROOF OF THEOREM 1.2

First of all we show that if P(z) = z"(1 4 2°°) is a permutation binomial, then
(2r + es,l) = 1. Suppose that (2r + es,l) = d with d > 1. Let k = L. Then k <
and 2kr + eks = 0 (mod [). So by Lemma 2.2, we have

20k5 + 2acks

S(cks,l, —ce SOy )= ] , inF),
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forc=1,---,1—1. Next we consider Up%!(%), the characteristic polynomial of a,.
Under given condltlons for p, by Theorem 7 of [6] we know that U, Odd(7) splits in

Fp[z]. Let v; (1 <j < 5%) be roots of Upd!(%) in F,. This together with Lemma
4.1 imply that

-1
(3) ak8:7{65+,}/§s+...+7’&27'
2

On the other hand, since P(z) is a permutation binomial S(ks,l, —e®®~1kr) =

% = 0 in F,, which implies that ars = f%. This together with (3) yield
[ =0in F,. This is a contradiction since [ | p”™ — 1. So (2r +es,l) =1
Conversely, we assume that (2r+es,l) = 1. By Lemma 4.1, we have 2° = 1 (mod
p). Let v;’s be as above. Since ;’s are in IF,,, by Lemma 4.1, we have v =1 (mod
p) for j = 1,---, 151, This together with Theorem 8.13 of [5] follow that {a,} is

s-periodic. Now Theorem 1.1 imply that the given condition is also sufficient. [

Proof of Corollary 1.3. For fixed e with 0 < e <1 —1 and (e,l) = 1, we count
the number of 7’s between 0 and ¢ — 1 such that (r,s) = 1 and (2r 4+ es,l) =
This number is equal to the number of odd r’s between 0 and ¢ — 1 such that
(r+es, %) = 1, we denote this number by N(e). We claim that N(e) = ¢(g—1).
To prove this assertion we consider two cases:

Case 1: 5= is odd. In this case {r +e3| r odd, 0 <r < g¢—1} forms a complete

set of re81dues mod 5~ L and therefore N(e) = ¢(q21) o(g—1).

Case 2: % is even. In this case {r +e3| r,0 <r < qu} forms a complete set
of residues mod % and therefore N(e) = 2(15([1;21) = ¢(q — 1). Note that in this
case for even r we have (r +e3, q;—l) # 1.

Now since 0 < e <1 —1 and (e, 1) = 1, the total number of such permutation
polynomials is ¢(I)¢(¢ — 1). However the permutation polynomial corresponding
to e = e; and r = ry is the same as the permutation polynomial corresponding to

e=1—e; and r = r; 4+ e1s. So the total number of such permutation polynomials
5 ¢(l)¢2(q71). 0

6. EXAMPLES

In the following tables, as an application of Theorem 1.2, we give some examples
of permutation binomials of IF;. Here [V is the corresponding number of permutation
binomials of F,.

Table 1: ¢ = p2 and p = —1 (mod 1)
] 3 5 7 9 11 13 17
D 5 19 13 17 43 103 67
q 25 361 169 289 1849 10609 4489
N 8 192 144 288 2400 18432 10240
P@) | 2°+a 273 1 22 1o PRI 2169 4 o 81T 4 g 265 |
111 +23 1145 +ZE 149 +z 2129 +z 1337 z 11533 +z 1‘529 +z
1;19 +z3 177 25 (E29 z5 1;35 +z3 1173 Z5 1‘821 z5 1‘269 z5
I21 +:1)5 2293 +x 5 .’D151 +£L‘7 267 +‘,1:3 ISOQ .’L‘5 ‘1823 +5E7 3437+15
mls +z7 1:79+:1: :1:31 +I7 z1314,’» 3 1179+zll 33827+111 271 +I7
3?17 +II?9 II)SS +ﬂ')11 £35 +$11 (C69 +x5 35‘181 +£13 .1‘829 +Il?13 35‘277 +$13
.7321 +1)13 185 +fl:13 CE37 +(E13 139 +$7 zlso +(El7 12461 +113 :1;281 +(El7
$23+$15 $89+6\C‘17 2341 +$17 $41 +x 7)187+ 19 $835 +9219 $283+ 19
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Table 2: ¢ = p4 and p = —1 (mod 1)

[} 3 5 7 9 11 13

D 5 19 13 17 43 103

q 625 130321 28561 83521 3418801 112550881

N 192 69120 18432 64512 3456000 156303360

P(:l:) :1;417 +z 126065 +z z4081 +x 118561 +z z310801 +z 18657761 +z
(X)211 + (E3 32‘78193 +x 1312241 +x (I)46401 + 2 $621601 + x17315521 +
:1;419 + IS 1104257 +z I4087 + 17 19283 + IS 1310811 + zll 18657767 + I7
x213 + 685 m26069 + x5 x8167 + 3:'7 x18563 + m3 Z,621611 + (L’ll x17315527 + CL’7
1423 I7 152133 15 18171 111 118567 z7 1310813 113 z8657771 Ill
z217 Z9 I7819’7 15 112251 Ill z46407 1:7 1310817 1‘17 117315531 :1:11
1425 + ZQ 1104251 15 z4093 + 113 19289 z9 1‘621517 I17 18657773 z13
1219 + le z20671 + 17 Z8173 + a:13 118569 + IQ 1932417 + Z17 z34631059 + 119
Table 3: ¢ =p! and p =1 (mod 1)

] 3 5 7 9 11

p 7 11 29 19 23

q 343 161051 17249876309 322687697779 952809757913927

N 108 128800 22178412144 319524059232 2165476722531100

P(z) z115 +x 132211 z 12464268045 z z35854188643 z 186619068901267
I229 + 1‘64421 T 14928535089 T 1‘71708377285 +a z173238137802533 +2
1119 + ZS z32213 + 13 z2464268047 + IS z3585412‘38647 + z5 186619068901269 + a:3
ﬂ')233 + 7)5 .1664423 + 3’)3 x4928536091 + ];3 5671708377289 + 3?5 3?173238137802535 + mS
z121 + I7 I32217 + 17 12464268049 + z5 z35854188649 + z7 z86619068901271 + IS
35‘235 + :c7 164427 35‘7 (1)4928536093 7)5 171708377291 $7 $173238137802537 + xS
1125 :Ell I32219 12464268053 + 19 z35854188653 111 186619068901273 17
$239 + mll x64429 + xQ x4928536097 + m9 w71708377295 + (L‘ll 92173238137802539 + (L‘7
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