CHAPTER 3, QUESTION 10

10. If K and L are submodules of an R-module M with K C L, prove that

M/K | LJK ~ M/L.

Solution. As K and L are submodules of the R-module M, the factor modules
M/K and M/L are R-modules. Define a map 6 : M/K — M/L by

Om+K)=m+L, me M,
O(rim+ K))=r(m+1L), re R, me M.

We first show that 6 is well defined. If m+K = m/+ K, where m, m' € M,
then m —m’' € K. But K C L. Thusm —m' € L. Hence m+ L =m'+ L
and so O(m + K) = 0(m' + K). If r(m + K) = r'(m' + K), where ;7" € R
and m,m' € K, thenrm+ K =r'm'+ K sorm —r'm’ € K. But K C L so
rm —r'm’ € L. Thus rm+ L =r'm’+ L and so 0(r(m+ K)) =r(m+ L) =
rm+L=r'm' +L=r(m'+L)=00"(m+ K)).

Next we show that € is a module homomorphism. Let mi,ms € M so
that m; + K, me + K € M/K. Then,

O((my+ K)+ (ma+ K)) =0(my +ma+ K)=my +ms+ L= (my+ L)+ (ma+ L)
so that
O((my + K) + (mo + K)) = 0(my + K) +0(ms + K).
Now let r € R and m € M. Then
O(r(m+ K)) =r(m+ L) =r0(m + K).

This completes the proof that # is a module homomorphism.
Next we determine ker . We have

ker = {m+KeM/K|0m+K)=0+ L}
= {m+KeM/K|m+L=0+L}
= {m+KeM/K|melL}
~ L/K.



Now we determine im . As 0 : M/K — M/L we haveim § C M/L. As
m+ L = 6(m+ K) for all m € M we have M/L C im §. Hence im 0 = M/ L.
Finally by Question 9 (iii) we have

M/K | LJK = M/K | ker 6 ~im = M/L. =
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