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CHAPTER 5, QUESTION 20

20. Let θ be a nonreal algebraic number. Prove that the complex conjugate
θ̄ of θ is one of the conjugates of θ over Q.
Solution. The minimalpolynomial of θ over Q is

irrQ(α) = xn + an−1x
n−1 + · · ·+ a1x + a0 ∈ Q[x].

Thus,

θn + an−1θ
n−1 + · · ·+ a1θ + a0 = 0.

For z ∈ C we denote the complex conjugate of z by z̄. As a0, . . . , an−1 ∈ Q ⊂
R we have

ā0 = a0, · · · , an−1 = an−1.

Also
θ̄k = θ̄k, k = 1, 2, . . . , n.

Hence

0 = 0̄ = θn + an−1θn−1 + · · ·+ a1θ + a0

= θn + an−1θn−1 + · · ·+ a1θ + a0

= θ
n

+ an−1θ
n−1

+ · · ·+ a1θ + a0.

Thus θ̄ is a root of irrQ(α) and so θ̄ is one of the conjugates of θ over Q.
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