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R E L A T I V E  I N T E G R A L  B A S E S  F O R  Q U A R T I C  
F I E L D S  O V E R  Q U A D R A T I C  S U B F I E L D S  

B. K. SPEARMAN (Kelowna) and K. S. WILLIAMS* (Ottawa) 

Let L be a quartic number field with quadratic subfield K = Q(x/-c), 

where Q denotes the rational number field. Then L = Q (x/c, x / ~ - ~ ) ,  
% / 

where a + bv~ is not a square in O(v~) and where a, b, and c may be taken 
to be integers with both c and the greatest common divisor (a, b) squarefree. 
In [6] (see also [5]) the discriminant d(L),  as well as an integral basis for L 
were obtained explicitly in terms of a, b,c. Four cases naturally arose: (A) e 
= 2 (mod 4), (B) e = 3 (mod 4), (C) c = 5 (mod 8), and (D) c = 1 (mod 8). 
Each of these cases was subdivided into a number of subcases depending 
upon congruences involving a, b and c. We refer the reader to [6] (or [5]) for 
details. 

In this paper we determine the relative discriminant d ( L / K )  (Theorem 
1), as well as a necessary and sufficient condition for L to have a relative 
integral basis (RIB) over K and an explicit relative integral basis when it 
exists (Theorem 2). Part of Theorem 2 is a special case of a result of Artin 
[1]. Theorem 2 extends the results of [2], [3], [4], [7], [8], [9], [10], [11], [12], 
[13] to an arbitrary quartic field possessing a quadratic subfield. 

THEOREM 1. Let # = a + bv~ , where a + bv/-c is not a square in I(  
= Q(v/-~) anda ,  b,c are integers with (a,b) ande  squarefree. S e t # O K  = R S  2, 
where R and S are integral ideals of  OK with R squarefree. Then the relative 
discr iminant  d( L / K)  is given as follows: 

in cases A1, A5, B2, B5, C2, C7, D3, D16, D20 

d ( L / K )  = R; 

in cases A2, A6, B3, B6 

d ( L / K )  = 2R; 

in cases A3, A4, A7, A8, B1, B4, BT, B8, C1, C3, C4, C5, C6, C8, 
D4, D5, D6, D8, D10, D l l ,  D12, D13, D19, D23, D26, D27 

d ( L / K )  = 4R; 
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in cases D1, D9, D15, D17, D22, D24 

< 1 (1+ v~))2R; d ( L / K )  = 2,-~ 

in cases D2, DT, D14, D18, D21, D25 

1 (1 -  v~) R. d ( L / K )  = 2, 

In each case d ( L / K )  = T 2 R  for some integral ideal T .  

= K ( a o w r  K 

= Q ( ~ )  if and onlu if 
s =  T('7> 

for  some "7(¢ O) G K. 
I f  S = T("7), where "7(¢ O) E K ,  then a relative integral basis for  L over 

K is {1, n}, where ~ is given in the table below. 

t~ cases 

4-z 
27 

'7 + , /~  
2"T 

"7~ + v'-z 

2"7 

'7 +'Tv~ + , /Z  
27 

"7 +'Tv~+ 2v~ 
4'7 

-'7 + '7 v~ + 2v¢ 
• 4"7 

bff+ "7~ + 2v~ 
'.. 4"7 

A3, A4, A7, A8, B1, B4, B7, B8, 
C1, C3, C4, C5, C6, C8, D4, D5, D6, D8, 
D10, Dll, D12, D13, D19, D23, D26, D27 

AI*, A5*, B2*, B5*, C2t, D3, D16, D20 

A2, A6, B2"*, B5** 

AI**, A5**, B3, B6 

D1, D9, D15, D17, D22, D24 

D2, DT, D14, D18, D21, D25 

C25, C7 
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* indicates a r 
** indicates a t 

t indicates a' 
indicates a' 

- 1 (mod 4) where p /72  = a' + b 'v~ 
--- 3 (mod 4) where p /72  = a' + b'v'~ 
- b' =_ 0 (rood 2) where # /72  = (a' + b'vG ) / 2  
- b' -- 1 (mod 2) where # /72  = (a' + b'vG ) / 2  

PROOF OF TttEOREM 1. Let P be a prime ideal of OK. Define mp by 
P ' > l l p 0 i <  and w~ by P ~ I I d ( L / K ) .  

If P ~ 2OK, as t O K  = R S  2 with R squarefree, we have 

PIIR ~ mp odd 

e=~ wp = 1 (by [5, Corollary 1 (iii)]) 

¢* P[ ld (L /K) .  

If P [ 2 0 K  the value of wp is given in [6 (or 5), Tables A, B, C, D]. 
Combining these results, we obtain the assertion of Theorem 1. [] 

PROOF OF THEOREM 2. Suppose L has a relative integral basis over K .  
This basis may be taken as {1, 0}, where 0 E OK. We express 0 in the form 
0 = a +/3vffi, where a,/3 C K.  Then we have 

1 0 2 
1 0 '  O K = d ( L / K ) ,  

and so, by Theorem 1, (2/3)2#0g = T2R.  As #OK = S2R we deduce (23}S 
= T, so tha t  S = T(7),  for some nonzero 7 E K.  

Suppose now tha t  S = T(7} for some nonzero 7 E K.  The~ 

d ( L / K )  = RT2= ~2RS2 = ~ 0 I < .  

Let a ,  ,~ E K.  Then 

{ 1 , .  + Sv } is a RIB for L/K 

"~=~ a + t3x/-fi 6 OL and 1 a - -  / 3 v ~  OK d ( L / K )  

Ct -t- / ~ V ~  C O L  a n d  4/32pOK = ~520h- 

a +/3v#  fi E OL and 43272 = unit of 01< 

a + / 3 V ~  C OL and 2/37 = unit of Oh" 
S 

¢:~ a + Z-x/rfi ff OL for some unit ¢ of OK. 
z 7 - -  
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We treat  cases on #. In each of the cases A1-D27 specified in [6] (or [5]) we 
1 give a value of a E K for which a + ~vl-fi E OL. 

Cases A3, A4, A7, A8, B1, B4, B7, B8, C1, C3, C4, C5, C6, C8, D4, 
Db, D6, D8, D10, D l l ,  D12, DI3,  D19, D23, D26, D27. In these cases T 2 

- R, and thus 4-7 E O h .  Hence q-~ is an = 4Oh', by Theorem 1, so 4---~O/( = 
algebraic integer in L. Thus  we can choose a = 0. 

Cases D1, D9, D15~ D17~ D22, D24. In these cases T = P1. From Table 
D of [6] (or [5]) we see t h a t / ' 2  divides # to an even exponent  so t h a t / ' 2  { R. 
Fur ther  

~ O K = ~ R S 2 = R p ~ ,  

so tha t  p/ . /2  C OK. If p /72  = x + yv ~,  where x and y are integers, then  x 
and y are of opposite pari ty as 2 { #/72.  Thus  N ( # / 7 2 )  = x 2 - cy 2 is odd,  
contradict ing N(p/72)OK = 4RR'. Hence p/~/2 = l(x + yv/-c), where x and 
y are odd integers. We set # ' =  4 # / 7 2 =  2x + 2yv~.  Clearly P~II#'. From 
the values of ml  in Table D of [6] (or [5]), we deduce tha t  

p 4 j j # ,  in cases D1, D17, D22, 

P~Jl#', in cases D9, D15, D24. 

Hence, for # in cases D1, D9, D15, D17, D22, D24, the corresponding cases 
for # '  are D17, D24, D24, D17, D17, D24, and, from Table D' of [6] (or Table 

1+,/7 (viii) of [5]), we may  choose a = 4 as 

l + x / ~  1 

4 + = 
l ( l + v / 7 + V / - f i T )  E O  L 

by cases D17 and D24 of Table D' of [6] (or Table (viii) of [5]). 

Cases D2, D7, D14, D18, D21, D25. These cases can be t reated in exactly 
the same way as the preceding cases with the roles of P1 and P2 interchanged.  

Cases A1, Ab, B2, Bb, C2~, D3, D16, D20. In these cases T = OK. From 
Tables A-D of [6] (or [5]) we see tha t  R and 20K are relatively prime. 

Fur ther  

~ O K = ~ R S 2 = R ,  

so tha t  # /72  E OK. We claim tha t  # /72  = x + yvrc, where x and y are inte- 

gers. This is automatical ly  t rue for the cases A1, Ab, B2, B5 and C2~. For 
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D3, D16, D20 assume t h a t  #/72 ! ( x  = 2 + yvfc), where x and  y are odd  in- 
tegers.  Set a t + btv/-c = 4p /72 ,  so t ha t  a t, b t mus t  fall into one of the  cases 
in Table D of  [6] (or [5]). However this is not  the  case as the  corresponding 
values of r, ml ,  m2, wl ,w2 are 4, 2, 2, 0, 0 respectively. Set #t = #/~/2 = x 
+ yv/c, where x and  y are integers.  As #tOK = R the corresponding value 
of r for #t is 0, and ,  as d ( L / K )  = R, we see t h a t  for # in cases A1, Ab, B2, 

Bb, C2~, D3, D16, D20 the  corresponding cases for tt ~ are cases A1, A1, B2, 
B2, C2, D3, D3, D4. Thus ,  by Tables At-D ' of [6] (or Table (viii) of [5]), we 
m a y  choose a = ½ as 

1 1 1 (1 + V/~7)EOL 

lq-v/~ and in cases except  in the cases AI**, Ab** when we mus t  choose a = 2 
1 B2**, Bb** when we choose a = 7x/~. 

Cases i 2 ,  i 6 .  In these cases T = P .  From Table A of [6] (or [5]) we see 
t ha t  P divides # to an even power so t ha t  P { R. Fur the r  

~5 0 ~22 RS2 2 K = = R P  , 

so t h a t  #/72 E OK.  Set # / =  # /72 .  Then  #t satisfies the  condi t ions  of case 
A6. Thus  we m a y  choose a = ½v/c as 

~ + 1 v/-c + V ~  e OL 

in case A6. 

Cases B3, B6. In these cases T = P.  From Table n of [6] (or [5]) we see 
t h a t  P divides # to an even exponent  so t h a t  P { R. Fur the r  

~5 0 K  = - ~ R S  2 = R P  2, 

so t h a t  # / 7 2  E OK. Set #1 = #/.y2. Then  #1 satisfies the  condi t ions of case 

B6. Thus  we m a y  choose ~ = 2 as 

v =2 1 +  V ~ + V ~  
E OL 

in case B6. 
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Cases C2 ++, C7. In these  cases T = Oi<. From Table C of [6] (or [5]) we 
see that P divides # to an even exponent so that P { R. Further 

~7 0 K  = @2RS 2 = R ,  

so tha t  p / 7 2 E O K .  We now show tha t  in case C7 we have / * / 7 2 =  ½(x 
+ yv/~), where  x and y are odd  integers.  F rom [6 (or 5), Table  C] we see tha t  
2211/* so tha t  21IS = Set = 2/3, where  /3 e OK. Then,  as 1,/72 e OK 
and /*//32 = 4/*/72, we have/*/ /32 = x ' +  y'v'-c, where  x'  and y' are integers.  
The  values of r and w are still 4 and 0 respect ively  for /*//32 in place of  
/*. Thus /* / /32  falls under  case C7 and so x' -- y' - 2 (mod  4). H e n c e / * / 7 2  

= # /4•  2 - x'+Y'v'~ is of  the  asser ted  form. In bo th  cases C2~ and C7 we 
- -  4 

have # '  = 4 # / 7 2  = 2a '  + 2 b ' v ~  , where  a' - b' - 1 (mod  2), and # '  falls into 
b'+v~ case C7. Thus  we m a y  choose a = 4 as 

b ' + v 5  1 b ' +  v G +  V ~  
- - - - 7 - -  + g 4 c o l  

in case C7. [] 
REMARK. We remark  tha t  in case C2 b o t h  the  possibil i t ies a ' =  b' 

= 0 (rood 2) and a'  = b' = 1 (mod  2) occur ,  where/*/ ,~2 = ( a ' +  b ' vT) /2 .  

If we choose a = - 1 7 ,  b = 18, c = 5 then we can take  7 = 1(  _ 1 + 3v/5) 

- l r + l s , f  = - l+3vff  so a '  = - 1 ,  b' (see Example  2 b e l o w ) a n d / * / 7 2 =  ( ½ ( - l + 3 v ' g ) ~  -"- 'T---  
k ' '  ] 

----3. 

On the o ther  hand  if we choose a = - 1 ,  b = 2, c = 5 then  

(#) = ( - 1  + 2v/5> = R S  2 

gives 

R= S = < l >  

By T h e o r e m  1 T = (1} so we can take 7 = 1. Thus  

# / 7 2 = - 1 + 2 v f 5  so a ' = - 2 ,  b ' = 4 .  

We conclude with two examples .  
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EXAMPLE 1. We consider L = Q (v/10 + v / ~ ) .  This is Example 2 of 

[12]. The  quadrat ic  subfield of L is K = Q(x /~- )  • Here a = 10, b = 1, c = 10 

so we are in case Ad. Moreover {#) = ( 10+  V ~ )  = RS 2, where R = (v f io )  

and S = (3 ,1  + v~io).  By Theorem 1 we have d(n/K)= 4R so T = (2). As 
{3,1 + x / ~ )  is not  a principal ideal, S # T(-~) for any 7 ( 5  0) E / ( .  Hence, 
by Theorem 2, L does not have a RIB over K.  

EXAMPLE 2. We consider L = Q ( ~ / - 1 7  + 1 8 v ~ ) .  The  quadrat ic  sub- 

field of L is K = Q ( v ~ ) .  Here a = - 1 7 ~  b = 1 8 ~  c = 5  so we are in case 
% 

C2. OI; is a PID so~ by Theorem 2, L has a RIB over K.  As # = - 1 7  

q- ]8V/5  ( - I ~ v ~ )  3 ( ? ) = we can take R = S =  -1 v~ . By Theorem ] we 

have d(L/K)= R so T = (1). Hence we can take 7 = 1( _ 1 +  3x/5) and a 
RIB for L over K is {1, a}, where 

37q-TV/5+2V/-~47 -~q -3q -V/5  ~ i  -1+3V/~2 
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