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Abstract. Let K be a cyclic quartic field. Let i(K) denote the index of K. It is known that
i(K)e{l, 2, 3,4, 6, 12}. In Part 1 of this paper we show that i(K) assumes all of these values and
we give necessary and sufficient conditions for each to occur. In Part 2 an asymptotic formula is given
for the number of cyclic quartic fields with discriminant < x and i(K) =i foreachi€ {1, 2, 3,4, 6, 12}.
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Part 1: Characterization of Cyclic Quartic Fields of Given Index

1.1. Introduction. Let K be an algebraic number field of degree n over the rational
field Q. Let Ok denote the ring of integers of the field K. Let {w;(=1),w», ..., w,} be
an integral basis of K. The discriminant of the field K is denoted by d(K). If o« € K we
denote the minimal polynomial of o over Q by f,, and set d(«) = disc(f,,). An element
« € Ok is called a generator of K if K= Q(«). Itis known that « € O is a generator of
K if and only if d(«) # 0. For « a generator of K, the index i(a) of « is the positive
integer given by
d(a)

d(K)
If a € O is not a generator of K, we set i(a) =0. Thus
d(e) = i(a)*d(K) for all a € Ok.
The index of K is defined by
i(K) = ged{i(or)| € O} = ged{i(er)| v a generator of K}.

i(a) =

Next we define the index form i(xy,...,x, ) of the algebraic number field K
with respect to the integral basis {wy,...,w,}. Let xq,...,x,€Z. Set

0= X{wy + -+ Xy 1wy € OK.

Both authors were supported by grants from the Natural Sciences and Engineering Research
Council of Canada.
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Hence we can define f;1,...,f;,,€Z (i=0,1,...,n—1) by

0" = fawi +fows + -+ fiwn, i=0,1,...,n—1,

so that
fo=1,/fo=0,..., fo. =0,
Suu =0, fio =x1, ..., fin = Xn—1.
Each nonzero fj; is a homogeneous polynomial in xi, ... ,x,_1 with coefficients in
Z of degree i. We define the n x n matrix F by
foo S o fou
F— Su o S o S
fo-tt famiz o famn
The index form of K with respect to the integral basis {wy, ...,w,} is defined by
X X2 Xpog
i(x1, o) =detF = | 20 Sa
Sz fam1z o faen
Thus i(x;, ...,x,—1) is a homogeneous polynomial in x, ...,x,_; of degree

(n — 1)n/2 with coefficients in Z. Next we observe that
16 - 0 =Flwyw - w),
so that
i(0)2d(K) = d(0) = (det F)?d(wi, ... wn) = i(x1, ..., % 1) d(K).
Hence i(0) = |i(x1, ...,x,—1)]. Now let xo € Z and set
o = Xow) + X1wr + -+ - + Xy jw, = xo + 0 € Ok.
As d(a) = d(o + k) for any integer k, we have d(a) = d(a — x9) = d(6), so that
i(a)2d(K) = d(o) = d(0) = i(0)*d(K)

and thus i(«) = i(0). Hence we have

i(xowy + -+ + Xp_qwy) =|i(xr, <oy X01) | (1.1.1)
for all integers xg, xi, ..., X,_1, and

i(K) = ged{i(xy, .., xn—1) | X1, -, X1 EZ}. (1.1.2)
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If K is a quadratic field (so that n = 2) it is easy to show that i(K) = 1. If K is a
cubic field (n = 3) Engstrom has shown that i(K) = 1 or 2 [2, p. 234]. Cubic fields
with index 2 have been discussed by the authors in [17]. If K is a quartic field (n = 4)
Engstrom has shown that

i(K)=1,2,3,4,6o0r 12. (1.1.3)

Funakura [3, Theorem 5, p. 36] has shown that in the case of a pure quartic field
i(K) =1 or 2. Gadl, Petho and Pohst proved in [4] for bicyclic quartic fields that
the index i(K) can take each of the values in (1.1.3) and they gave necessary and
sufficient conditions for each case, see also [5-7].

In Part 1 of this paper we show for cyclic quartic fields K that i(K) assumes
each of the values 1, 2, 3, 4, 6, 12. In addition we determine necessary and
sufficient conditions for each to occur, see Theorem A in Section 1.2.

In Part 2 we determine an asymptotic formula for the number of cyclic quartic
fields K with d(K) < x and i(K) =i forie {1, 2, 3, 4, 6, 12}, see Theorem B in
Section 2.1.

1.2. Representation of a cyclic quartic field. Hardy, Hudson, Richman,
Williams and Holtz [8] have shown that each cyclic quartic field K can be expressed
uniquely in the form

K:@( A(D+B\/13)), (1.2.1)
where A, B, C, D are integers such that
A is squarefree and odd, (1.2.2)
D = B* + C? is squarefree, B>0, C >0, (1.2.3)
(A,D) = 1. (1.2.4)

Moreover each field of the form (1.2.1) satisfying (1.2.2) — (1.2.4) is a cyclic
quartic field. It is convenient to distinguish five cases as follows (see [11, Theorem,
p. 146]):

case (i) D=0 (mod 2),

case (ii)) D=1 (mod 2), B=1 (mod 2),

case (iii) D=1 (mod 2), B=0(mod 2), A+ B=3 (mod 4),
case (iv) D=1(mod 2), B=0(mod 2), A+ B=1(mod 4), A
case (v) D=1 (mod 2), B=0(mod 2), A+ B=1(mod 4), A

We observe that

C (mod 4),
—C (mod 4).

D=2(mod 4), in case (i),
D=1(mod 4), C=0(mod 2), in case (ii),
D=1(mod 4), C=1(mod 2), in cases (iii), (iv), (v).

The main result of Part 1 is the following theorem which gives necessary and
sufficient conditions for each of i(K) = 1,2,3,4,6,12.
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Theorem A.

A B D i(K)
A B D i(K) 5(12) +1, £2, £5(12) 1(3) 3
7(12)  0@3) 3
1(12) +1, +2, +5(12) 1 1112 +13) 13 3
3 (12) 1 1 (24) +8 (24) 4
5(12) +1, £2, £5(12) 2(3) 1 5 (24) 14 (24) 23) 4
5(12) +3, 6 (12) 1 5024) 12 (24) 4
7(12) +1(3) 1 9(24)  0(8) 4
9 (12) +1,2 4 1 13(24) +4(24) 4
1112 0@ 1 17 24) 024 4
11(12) 13 23 1 17 24) 48 (24) 23 4
1 (24) +4 (24) 2 2 024) 48 4
524 024 2 124) 1229 6
5(24) +8 (24) 23 2 5 (24) +8 (24) 13 6
924 48 2 1324) 0 (24) 6
13 (24) +£8(24) 2 17 24)  +4 (24) 13 6
17 24)  +4 (24) 23) 2 120 04 12
17.(24)  12(24) 2 5 (24) +4 (24) 13 12
2124 0(8) 2 1324) 12 (24) 12
1 (12) +3,6(12) 3 17 (24) +£8(24) 13) 12

Note that in the table a (mod b) has been abbreviated to a (b). Results needed
for the proof of Theorem A are given in the remainder of this section as well as
Section 1.3, and the proof completed in Section 1.4.

Our first task is to find the index form i(x, y, z) of K. It is shown in [8] (see also
[16]) that

d(K) = 2*A’D?, (1.2.5)
where
8, case (i),
r={s me 120
0, cases (iv), (v).
Set

— \/A(D +BVD), 3=1\/A(D-BVD). (1.2.7)

Hudson and Williams [11, Theorem, p. 146] have shown that an integral basis
{w1, wa, ws, wy} for K is given as follows:

{1, VD, a, B},case (i),
1 ..
{ 5(14—\/7) } case (ii),
{1, 204 VD), S(a+0) %(a—ﬁ)},case (i),

{ —(1+VD), (1+\/_+a+5) ( —VD+a— ﬂ)} case (iv),
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{1,;(1+\/5),i(1+\5+a—5),i(l—\/f)+a+ﬁ)},case(v>. (1.2.8)

Using MAPLE we find that the index form i(x,y,z) of K with respect to the
integral basis {w;, wa, w3, wy} given in (1.2.8) is given by
i(x,y,2) = (CY? — 2Byz — C2)(D(2x* — Ay* — AZ%)®
— AX(Cy* — 2Byz — C2)?), case (i),

1
i(x,y,2) =5 (Cy* — 2Byz — CZ2)(D(x* — 2A4y* — 2A47%)?

— 4A%(Cy? — 2Byz — CZ*)?), case (ii),
1

i(x,y,2) =5 (=By* +2Cyz + BZ)(D(x* — Ay’ — AZ%)’
— A%(—By* +2Cyz + BZ*)?), case (iii),
1

i(x,y,z) = 7 (=By* +2Cyz + BZ?)(D(4x* + (1 — A)y?
+ (1 —A)Z + 4xy — 4xz — 2yz2)°
— A?(=By* + 2Cyz + BZ%)?), case (iv),
1

i(x,y,2) = 35 (By* 4+ 2Cyz — BZ*)(D(4x* 4 (1 — A)y*
+ (1 —A)Z 4 4xy — 4xz — 2y2)°
— AX(By* +2Cyz — BZ*)?), case (V).

For x,y,z€ Z, we define

Cy?> —2Byz — CZ%,  case (i),
2Cy? — 4Byz — 2C7%, case (ii),

R=Rxy2) =0 g2 1 2Cyz 1 B2, cases (iil), (iv), (1.2.9)
By* +2Cyz — B2, case (v),
and
2x% — Ay? — A7, case (i),
X% — 24y* — 2AZ2, case (ii),
S =8(x,y,2) = ¢ x* — Ay? — AZ, case (iii), (1.2.10)
4 + (1 —A)y?* + (1 — A)Z?
+4xy — 4xz — 2yz, cases (iv), (v).
Then
i(x,v,z) = kR(DS* — A’R?), (1.2.11)
where
1, case (i),
%, case (ii),
k=14 (1.2.12)
5 case (iii),
1 .
3y cases (iv), (v).
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From (1.1.2) we see that the index i(K) of K is given by
i(K) = ged{i(x,y,2) | x,y,z€ Z}. (1.2.13)

1.3. Conditions for divisibility of i(K) by 2,3 and 4. Let K be a cyclic quartic
field given in the form (1.2.1). First we prove the following lemma.

Lemma 1.3.1. If 2 | d(K) then 2ti(K).

Proof. Suppose 2 | d(K). Then, by Dedekind’s theorem, 2 ramifies in Ok.
If 2 | i(K) then by [2, p. 234] either 20 = P P,P3P4 or P\P,, where Py, P»,
P, P4 are distinct prime ideals. This contradicts that 2 ramifies in Okx. Hence

2+i(K). ]
We are now ready to give a necessary and sufficient condition for i(K) to be
divisible by 2.
Theorem 1.3.2. 2 | i(K) <= A =1 (mod 4), B=0 (mod 4).

Proof. Suppose that 2 | i(K). Then, by Lemma 1.3.1, we have 24d(K) so that
by (1.2.5) either case (iv) or case (v) holds. Then, by (1.2.9)—(1.2.12), we have

eB

i(0,1,0) = =25 (D(1 —A)? —A’BY), (1.3.1)
where
_ 1, case (iv),
€= {—1, case (v). (1.3.2)

Next we define integers M, N and T by
B=2M, C=€eA+4T, A=1+4N -2M.
Using these together with D = B> 4 C? in (1.3.1), we obtain in both cases
i(0,1,0) = MN? + M>N + M® (mod 2)
so that
i(0,1,0) =M (mod 2).
As 2| i(K), by (1.2.13) we have i(0,1,0) =0 (mod?2) so that M =0 (mod 2), and
thus
A=1(mod4), B=0(mod4). (1.3.3)
Now suppose that (1.3.3) holds. As (B, C) = 1 we have C =1 (mod 2). Hence

D = B*+ C?>=1(mod?2). Since B=0 (mod2) and A + B =1 (mod 4), either case
(iv) or case (v) holds. We define integers 7, U and V by

A=1+4T, B=4U, C=¢eA+4V,

where ¢ is defined in (1.3.2). Substituting these and D = B> + C? into i(x, y, z) and
reducing the coefficients modulo 2 and the powers by x”"=x(mod2)
(n=1,2,...), we obtain

i(x,y,z) =0 (mod?2) for all integers x, y, z.
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Hence
i(K)=0(mod?2).
This completes the proof of the theorem. O

Now we turn to the divisibility of i(K) by 3. We require some preliminary
results.

Lemma 1.3.3. I i(K) =0 (mod 3) then A# 0 (mod 3).

Proof. Suppose that i(K) =0 (mod 3). If A=0 (mod 3) then d(K) =0 (mod 3)
by (1.2.5), so that, by Dedekind’s theorem, 30k ramifies, contradicting [2, p. 234]
that 30k splits completely. Hence A # 0 (mod 3). O

Lemma 1.3.4. If i(K) =0 (mod 3) then either B=0 (mod 3) and C # 0 (mod 3)
or B0 (mod3) and C =0 (mod 3).

Proof. Suppose that i(K) =0 (mod 3). Then i(x,y,z) =0 (mod 3) for all x, y,
z€ Z. Thus in particular we have
i(0,1,0) =0 (mod 3), cases (i), (ii), (iii),
i(0,1,1)=0(mod 3), cases (iv), (v).

Now
C, case (i),
R(0,1,0) =< 2C, case (ii),
—B, case (iii),
R(0,1,1) =2C, cases (iv), (v),
—A, case (i),
S(0,1,0) = ¢ —2A, case (ii

—A, case (iii),
S(0,1,1) = —2A, cases (iv), (v),
so that modulo 3 we have
R(0,1,0)(DS(0,1,0)* — A2R(0,1,0)?)
C(DA* — A2C?), case (i),
(ii
(

i),

1

2C(4DA? — 4A%C?), case
—B(DA? — A%2C?), case (iii),
A’B2C, case (i),
=4 —A’B’C, case (ii),
—A2BC?, case (iii),
and in cases (iv) and (v)

R(0,1,1)(DS(0,1,1)* — A2R(0,1,1)*) =2C(4DA* — 4A>C*) = —A’B*C.
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Hence by (1.2.11) in all cases we have ABC =0 (mod 3). But by Lemma 1.3.3 we
have A #0(mod3). Thus BC=0(mod3). But (B,C)=1 so that either

B=0 (mod3), C £0(mod3) or B0 (mod3), C=0(mod3). O
Lemma 1.3.5. If i(K)=0(mod3) and B=0(mod3) then we have
A=1(mod3).

Proof. Suppose that i(K) =0 (mod3) and B=0(mod3). Then C # 0 (mod 3)
and D = B?> + C?> =1 (mod 3). Also, by (1.2.13), we have

i(1,1,0)=0(mod 3), cases (i), (ii),
i(1,1,1)=0(mod3), cases (iii), (iv), (v).

Now by (1.2.9) and (1.2.10) we have

R(1,1,0) =C, case (i),

R(1,1,0) =2C, case (ii),

R(1,1,1) =2C, cases (iii), (iv), (v),
and

S(1,1,0) =2 —A, case (i),

S(1,1,0) =1 —2A, case (ii),

S(1,1,1) =1 —2A, case (iii),

S(1,1,1) =4 —2A, cases (iv), (v).

Hence, by (1.2.11), in all cases we have
(2—A)* —A2=0(mod3),
so that
A=1(mod3),
as asserted. O]

Lemma 1.3.6. If i(K)=0(mod3) and C=0(mod3) then we have
A=2(mod3).
Proof. Suppose that i(K) =0 (mod3) and C =0 (mod 3). Then B #0 (mod 3)
and D = B> + C*=1 (mod3). By (1.2.13) we have
i(1,1,1)=0(mod 3), cases (i), (ii),
i(1,1,0)=0(mod3), case (iii),
i(0,1,0)=0(mod3), cases (iv), (v).

Now, by (1.2.9) and (1.2.10), we have
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and
S(1,1,1) =2 —2A, case (i),
S(1,1,1) =1 —4A, case (ii),
S(1,1,0) =1—A, case (iii),
S(0,1,0) =1—A, case (iv),
S(0,1,0) =1—A, case (v).

Hence, by (1.2.11), in all cases we have
(1 —A)* —A%2=0(mod3),
and thus
A=2(mod3),
as claimed. O]

Lemma 13.7. If A=1(mod3) and B=0(mod3) then we have
i(K)=0(mod3).

Proof. Suppose that A =1 (mod 3) and B =0 (mod 3) so that C Z 0 (mod 3) and
D =B?+ C?>=1(mod3).

Cases (i), (i1). We have
R(x,y,z) = £C(y* — %) (mod3), S(x,y,z) = F(x* +y* +2°) (mod3).

If y? = 72 (mod 3) then R(x, y,z) =0 (mod 3) and by (1.2.11) i(x, y, z) =0 (mod 3). If
y> #7* (mod3) then R(x,y,z) Z0(mod3) and S(x,y,z2)= F(x*+1)= £1
=0 (mod3) so that DS(x,y,z)” — A2R(x,y,z)*=1—1=0(mod3) and thus by
(1.2.11) i(x,y,z) =0 (mod 3).

Case (iii). We have
R(x,y,z) = —Cyz(mod3), S(x,y,z)=x" —y* —2* (mod3).

If yz=0(mod3) then R(x,y,z)=0(mod3) and by (1.2.11) we have
i(x,y,z) =0 (mod 3). If yz # 0 (mod 3) then y*> =z> =1 (mod 3) so that R(x, y, z) #
0 (mod 3) and S(x,y,z) =x* — 20 (mod3) so that DS(x,y,z)* — A2R(x,y,2)* =
1 — 1=0(mod 3) and thus by (1.2.11) i(x,y,z) =0 (mod 3).

Cases (iv), (v). We have
R(x,y,z) = —Cyz(mod3), S(x,y,z)=x*+ xy — xz + yz (mod 3).

If yz7=0(mod3) then R(x,y,z)=0(mod3) and by (1.2.11) we see that
i(x,y,2) =0 (mod 3). If yz#0 (mod 3) then R(x,y,z) #0 (mod3) and

_ /x> +1£0(mod3), if y =z (mod3),
S(x’y’z)_{(x+y)2+1¢0(mod3), if y= — z(mod3),

so that
DS(x,y,2)* —A’R(x,y,z)*=1—1=0 (mod 3)
and thus by (1.2.11) i(x,y,z) =0 (mod 3).
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Hence in all five cases we have shown that i(x, y,z) =0 (mod 3) for all integers
X, ¥, z so that by (1.2.13) i(K) =0 (mod 3). O

Lemma 1.3.8. If A=2(mod3) and C=0(mod3) then we have i(K)=
0 (mod3).

Proof. Suppose that A =2 (mod 3) and C =0 (mod 3) so that B # 0 (mod 3) and
D = B?> + C?>=1(mod3).

Cases (i), (i1). We have
R(x,y,z) = £Byz(mod3), S(x,y,z)= £(—x" +y* +2°) (mod3).

If yz=0(mod3) then R(x,y,z)=0(mod3) and by (1.2.11) we have
i(x,y,2) =0 (mod 3). If yz 20 (mod 3) then R(x,y,z) #0 (mod3) and S(x,y,z) =
T(x2 4 1) 20 (mod 3) so that DS(x, y,z)* — A2R(x,y,z)> =1 — 1=0 (mod 3) and
thus by (1.2.11) i(x,y,z) =0 (mod 3).

Case (iii). We have
R(x,y,2)= —B(y’ — %) (mod3), S(x,y,2)=x"+* + 2’ (mod 3).

If y?> =72 (mod 3) then R(x,y,z) =0 (mod 3) and by (1.2.11) we have i(x,y,z) =
0 (mod 3). If y? #z* (mod 3) then R(x,y,z) Z0 (mod3) and S(x,y,z) =x*+ 1%
0(mod3) so that DS(x,y,z)* —A2R(x,y,z)*=1—1=0(mod3) and thus by
(1.2.11) i(x,y,z) =0 (mod 3).

Cases (iv), (v). We have
R(X,y,Z) = :FB(yz - Zz) (m0d3)7
S(x,y,2)=x" —y* = 2 4+ xy — x2+ yz(mod 3).
If y>?=z’(mod3) then R(x,y,z)=0(mod3) and by (1.2.11) we have
i(x,y,z) =0 (mod 3). If y? #z? (mod 3) then R(x,y,z) # 0 (mod 3) and
2 P
S(x,y,2) = (x+z)2 + 1 (mod 3), 1.f ny(m0d3),
(x—y)" 4+ 1(mod3), if z=0(mod3),
sothat S(x, y,z) #0 (mod 3). Hence DS(x, y,z)* — A2R(x,y,z)* =1 — 1 =0 (mod 3)
and thus by (1.2.11) i(x,y,z) =0 (mod 3).

Hence in all five cases we have shown that i(x, y, z) =0 (mod 3) for all integers
X, ¥, z so that by (1.2.13) we have i(K) =0 (mod 3). O

We can now give a necessary and sufficient condition for i(K) to be divisible
by 3.

Theorem 1.3.9.
3|i(K)<=A=1(mod3), B=0(mod3)or A=2(mod3), C=0 (mod3).

Proof. This result follows immediately from Lemmas 1.3.3-1.3.8. ]
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D=1 (mod3)<= B>+ C*=1(mod3)
<= exactly one of B or C=0(mod3),
we can reformulate Theorem 1.3.9 as
Theorem 1.3.9.
3]i(K)<=A=1(mod3), B=0(mod3) or
A=2(mod3), B= +1(mod3), D=1 (mod3).
Next we determine a necessary and sufficient condition for i(K) to be divisible
by 4.
Theorem 1.3.10.
4]i(K)<=A=1(mod8), B=0(mod8) or
A=5(mod8), B=4(mod8).
Proof. Assume 4 | i(K). By Theorem 1.3.2 wehave A=1 (mod4), B=0 (mod 4)
so that either case (iv) or case (v) holds. Define integers M, N and T by
A=14+4M, B=4N, C =¢€A+4T, (1.3.4)
where ¢ is defined in (1.3.2). From (1.2.9) and (1.2.10) we obtain
R(0,1,0) = —eB, 8(0,1,0) =1—A,
so that by (1.2.11) we have
i(0,1,0) = —%(D(l _ AP — A2BY).
Appealing to (1.3.4) we obtain
i(0,1,0) = —2eN(DM?* — A’N*) =2N(M* — N*) =2N(M + 1) (mod 4).
Also from (1.2.9) and (1.2.10) we obtain
R(0,1,2) =3eB+4C, 5(0,1,2) =1-—5A4,
so that by (1.2.11) we have
(3eB+4C)
32
Appealing to (1.3.4) we obtain
i(0,1,2) = 2(3eN 4 C)(D(A + M)* — A%(3eN + C)?)
=2(eN +¢)(A+M —A(eN + C)) (mod4)
=2(N+1)(1+M—N —1) (mod4)
=2M(N + 1) (mod4).
As 4| i(K) we have by (1.2.13) i(0,1,0)=i(0,1,2) =0 (mod4) so that
(M+1)N=M(N +1)=0(mod?2),

i(0,1,2) = (D(1 —5A)> — A%(3¢B + 4C)?).
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that is
M=N=0(mod2) or M=N=1(mod?2).
Thus by (1.3.4) we have
A=1(mod8), B=0(mod8) or A=5(mod 8), B=4(mod38).
Conversely suppose that
A=1(mod8), B=0(mod8) or A=5(mod8), B=4(mod8).

As B=0(mod4) and (B,C)=1 we have C=1(mod2) so that D=
B>+ C*=1(mod8). Also A + B=1 (mod8). Hence either case (iv) or case (v)
occurs. We can define integers 7, U and V by

A=1+4T, B=8U —4T, C=c(1+4T)+4V,

where € is defined in (1.3.2).
First we determine D modulo 16. We have

D =B+ C? = (8U —4T)* + (e + 4eT + 4V)> =1+ 8(T + V) (mod 16).
Secondly
R = R(x,y,z) = —eBy* + 2Cyz + €BZ
= —€(8U — 4T)y* + 2(e + 4€T + 4V)yz + €(8U — 4T
=2eyz +4eT(y* = 2°) +8(eU(2 = y*) + (T + V)y2),
so that

R
5 =2+ 2T(7 =) +4(U =) + (T + V)y2),

2
(I;) =y’Z + AT~ )+ T~ 2)y2)
+ 8eyz(eU(z* — y*) + (T + V)yz) (mod 16)
=y +AT(Y? — )T (Y — 22) +yz) + 8y* (T + V) (mod 16),
as yz(z2 — y*) =0 (mod 2). Thirdly
S =58(x,v,2) =4x* + (1 — A)y* + (1 — A)Z* + dxy — dxz — 2yz
= 4x* — 4Ty? — 4T + dxy — dxz — 2yz
= 2z +4(x* —TY? — T + xy — x2)
so that

S
3= W2 =Ty = T2+ xy — x2),

2
<—) =22 —4yz(® — Ty’ — T +xy — x2) + 4> — Ty?> — T + xy — x2)°

=y’ 2+ 40 =Ty = T2 +xy —x2)( = Ty? = T2 +xy — xz — y2).
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Fourthly

2
S
D<§> =y + 4% - Ty — T 4+ xy — x2)(x* — Ty* — TZ> + xy — x2 — y2)

+8(T + V)y*z* (mod 16).
Fifthly

2
A? <—> = (14 87)(y?22 + 4T(y* — 2)(T(y* — 22) + y2)

+ 8y*2*(T + V)) (mod 16)
=y’ +4T(y* = 2)(T(* — 2°) +y2) + 8Vy’2” (mod 16).

Hence

s\? R\’
o(3) - (3)
=4((x* = Ty> = T2 + xy — x2) (x> — Ty> — T2* +xy — x2 — y2)
— T(y* — 2)(T(Y* — 2%) + yz) + 2Ty*Z%) (mod 16)
=4(x* — 2Tx%y* — 270> — 2Txy® + 2TyZ® + 2Txz® — 2Txyz?
+2Txy*z 4+ 208y — 237 — 2% yz + X%y? + X2 + xy2?
— x?yz — xy*z + 2Ty*z?) (mod 16)

() -+(5))
= (¢ + D + 22 + 02 — Pyz — %)
+2T(—x%y* — X2 + Y2 —xy® +y2 +x2 — xy2* + xy’2)
+2(xy — X’z — x*yz) (mod 4).
Then, by (1.2.11), we have

=3 (2)(3) ()

= (eyz 4 2T (y* — 2%)) x
(x* + 32 4+ K222 + xy27 — xPyz — 0%z + 2(Fy — Pz — xPyz)
FOT(—2Y — 22+ Y2 =33 +y2 + 32 — 092 + 1%2))

= e(yz(x* + x*y* + X222 + xy? — xPyz — xy%2)
+ 2yz(x*y — X’z — x’yz)
4+ 2Tyz(—x%y? — X*2% + 22 — 9 +y2 + 12 — xy2 4+ x9%2)
+2T(y* — 2)(x* + 3%y + X°2 + xy2? — x*yz — xy%z)) (mod 4).

so that
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Now, as
yaly£2), y2(6° £2°), (¥ =2t + 2% +x°2)
are all even, we have
2Tyz(—x*y? — X2 + V7 — Xy’ + 32 + X2 — xyZ +xy°2)
= (=2T)yz(y* + 22) + 2Ty )yz(y + 2) — (2Txy*)yz(y — 2)
— (2Tx2%)yz(y - 2)

=0 (mod4)

and
2T — 2V + 2V + 22 + 02 — vz — xy°2)
= 2D)((* = D)+ + 7)) + Tx(z —x =) ((62) (" = 2))
=0 (mod4).
Hence
i(x,y,2) = exyz(x3 +xy* + X2 + y2F — xyz — ¥z + 2%y — 2%z — 2xyz)

=exyz(® +2(y + )X + (? +yz + P)x + (v —¥*2))

=exyz((x +y)(x +2)(x +y+2) — 2yz(x —y))

=0 (mod4)
as

xyz(x 4+ y)(x + 2)(x + y +2) =0 (mod 4)
and
xy(x —y)=0(mod?2).

Thus, by (1.2.13), we have 4 | i(K).
This completes the proof of Theorem 1.3.10. ]

1.4. Conditions for i(K) = 1,2,3,4,6,12: Proof of Theorem A. Theorems
1.4.1,1.4.2 and 1.4.3 are immediate consequences of Theorems 1.3.2, 1.3.9 and 1.3.10.

Theorem 1.4.1.
2ti(K)<=A=1(mod4), B=1, 2, 3 (mod4) or
A=3(mod4).
Theorem 1.4.2.
2 ||i(K)<=A=1(mod8), B=4(mod8), or
A=5(mod8), B=0(mod8).
Theorem 1.4.3.
31i(K)<=A=0(mod3) or
A=1(mod3), B= +1 (mod3) or
A=2(mod3), C= £1 (mod3).
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If D=1 (mod3) then
B=0(mod3), C= £1(mod3) or B= +1(mod3), C=0(mod3),
and if D=2 (mod 3) then
B= +1(mod3), C= £1 (mod3).
Thus Theorem 1.4.3 can be reformulated as

Theorem 1.4.3.

31i(K)<=A=0(mod3) or
A=1(mod3), B= +1(mod3) or
A=2(mod3), B=0(mod3) or
A=2(mod3), B= +1(mod3), D=2 (mod3).

Proof of Theorem A. We recall from (1.1.3) that for a cyclic quartic field K we
have i(K) =1, 2, 3, 4, 6 or 12. These possibilities can be recognized as follows:

i(K) = 1<=>24i(K), 31i(K),
i(K) =2<=2|i(K), 3ti(K),
i(K) = 3<=2ti(K), 3]i(K),
i(K) =4 4|i(K), 3 }i(K),
i(K) = 6=2 || i(K), 3] i(K),

i(K) = 124 | i(K), 3 |i(K).

Appealing to Theorems 1.3.9, 1.3.10, 1.4.1, 1.42 and 1.4.3, we obtain
Theorem A. O

Part 2: Asymptotic Number of Cyclic Quartic Fields
with Discriminant < x and Given Index

2.1. Introduction. We define for a positive integer i
N(x;i) = number of cyclic quartic fields K with
dK) <xand i(K) =1i. (2.1.1)
By Engstrom’s theorem [2, p. 234] we have
N(x;i) =0fori#1,2,3,4,6, 12.

In Section 2.6 we prove the following theorem after some preliminary results in
Sections 2.2-2.5.

Theorem B. Fori=1, 2, 3, 4, 6, 12 we have
N(x;i) = ai® 4+ O(xlog’x),
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where

o = 12:3 5 ((208 4 13v/2)c(3/2) — (48 — 3v/2)c(3/2, —3) — 104¢(3/2,8)
+24¢(3/2,-24) + 16V2),

oy = 32 ——(13¢(3/2) +13¢(3/2,8) — 3¢(3/2,-3) — 3¢(3/2,-24)),

a; = 128 — (16 + v2)e(3/2) + (16 — V2)c(3/2, —3) — 8¢(3/2,8)
—8¢(3/2,—24)),

s = 35 (13¢(3/2) + 13¢(3/2,8) = 3¢(3/2, =3) = 3¢(3/2, -24)),

Q6 = 323 ——(c(3/2) +¢(3/2,-3) +¢(3/2,8) + ¢(3/2,—24)),

ap = 323 —(c(3/2) +¢(3/2,-3) + ¢(3/2,8) + c(3/2,-24)),

where the constants c(o) and c(o, A) are defined in (2.3.2) and (2.3.3)
respectively.

We note that

a1 ~ 0.0970153, sy ~ 0.0067627, a3 ~ 0.0101764,
oy ~ 0.0067627, g =~ 0.0006321, aip ~ 0.0006321.

2.2. Some estimates involving d(n). In this section we give some estimates for
certain sums involving the divisor function

221,

djn
which will be needed in Section 2.3.
Lemma 2.2.1. Let ¢y, c3, ... be a sequence of real numbers and set
=Y e x>1 (2.2.1)

n<x

Let f(t) be a real-valued function of t which has a continuous derivative fort = 1.
Then for x = 1

X

> cufn) = /() - | Ctr @y

n<x 1

Proof. This elementary lemma is well-known, see for example [9, Theorem
421, p. 346]. O

Our next lemma is a simple consequence of Lemma 2.2.1.
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Lemma 2.2.2. Let ¢y, ¢, . .. be a sequence of real numbers and define C(x) as
in (2.2.1). Let f(t) be a real-valued function of t such that

(a) f'(t) exists and is continuous for t > 1,
(¢) [77C(t)f'(t)dt converges for x > 1.

Then for x = 1

o0

3 enfln) = ~Cata) — |~ clo(ar

n>x X

Proof. Let x and y be real numbers such that 1 < x <y. In view of condition (a)
we can apply Lemma 2.2.1 to obtain

> aufln) = clorto) - [ cora (222)
and
> auftn) = cow0) - [ crar 223

Subtracting (2.2.2) from (2.2.3) we deduce that
y

S ef(n) = CON ) — CRFE) — j o) (1),

x<n<y x

Letting y — +o00, in view of conditions (b) and (c), we obtain

o0

> e () = ~Clf ) - | Cloy(yar

x<n X

as asserted. O]

Lemma 2.2.3. Let ¢ > 0. Then there exists a positive constant A(e) such that
d(n) < A(e)n
for all positive integers n.

Proof. See [9, Theorem 315, p. 260]. O
Lemma 2.2.4.

Z d(n) = xlogx + (27 — 1)x + O(x?),

n<x
where 7y is Euler’s constant.
Proof. See [9, Theorem 320, p. 264]. O
Lemma 2.2.5. For o > 1

d I
S —o,(257),
n® X

n>x

where the constant implied by the O-symbol depends only on .
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Proof. We choose ¢, = d(n) and f(r) = L. With this choice condition (a) of
Lemma 2.2.2 is satisfied. By Lemma 2.2.4 we have

C(x) =Y d(n) =xlogx+ (27 — l)x + O(x). (2.2.4)

n<x

Thus

lim C(x)f(x) = lim <1°g’f+27_ 1 +0( ! )) —0,

— — 1
X—00 x—oo \ x% xe 1 xO3

as « > 1, so that condition (b) of Lemma 2.2.2 is satisfied. By (2.2.4) we have

C(t) = O(tlogt) so that
a0 =0, “5).

As [ 4t converges for o> 1, the integral [~ C(1)f'(t)dt also converges. Thus

l(!
condxition (c) of Lemma 2.2.2 is satisfied. Now
Joologtdt_ log x 1
o 10 (a=Dxel T (o 1)Pe!

so by Lemma 2.2.2 we have

d 1 1 1
Z (n) _o o%x ‘o, J ogtdt _o, o%x 7
ne X 1 X 1o X 1

n>x
as asserted. |
Lemma 2.2.6.
Z d*(n) = O(xlog’ x).
n<x
Proof. See [10, Theorem 5.3, p. 111], [15, p. 175]. O]

Lemma 2.2.7. Let o > 0. Then

3 d*(n) [ 0.(x'“log’x), if a#1,
ne | O(log* x), if a = 1.

n<x

Proof. We choose ¢, =d*(n) and f(r) =+ By Lemma 22.6 we have
C(x) = O(xlog’ x). Appealing to Lemma 2.2.1 we obtain

2 X 1 3
Z d’(n) = 0(x'*log*x) — J 0, (?)dt.
n()( QU

n<x 1

The asserted result follows as

x log> ¢ “log’ 1 < dt
J oa< o8 )dt—Oa<J .t dt) —Oa<log3xJ —)
1 t P p @
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and

X -« 1 .
J g = )lcfu, R if o 7& 1’

s log x, if a=1.
We remark that the case a = 1 of Lemma 2.2.7 is a special case of [10, Theorem
5.3, p. 111]. 0

2.3. Further estimates. Throughout this section A denotes a nonsquare integer
such that A=0 or 1 (mod 4) and (2) = (A/n) is the Legendre-Jacobi-Kronecker
symbol. We define

o ={neN,n>1|n = product of distinct primes = 1(mod 4)}. (2.3.1)

3

We emphasize that 1 ¢ p. We write “n sqf”” to indicate that n is squarefree and
“n = [J” to denote that n is a perfect square. As usual p denotes a prime. ¢(n) is
Euler’s phi function and y(n) is the Mobius function.

For o« > 1 we have
2(A/p) ‘ 2

P+ pe

)

2 ' 2
- < —,
ptp+ 1| " p
so that both of the infinite series

2 2(A/p)
2 P ) 2 VAR

p=1(mod 4 p=1(mod 4

converge absolutely. Hence both of the infinite products

(e ) IL (6 2s)

p=1
converge absolutely. We define

2
() _pEI](:nJ;)d 4 <1 +m> -1, (2.3.2)
and
cl0.) - ETIRN
(@A) pzlgn[o“) <1+pa1<1)+1>> 1. (23.3)

We note that if m € N is not divisible by a prime = 1(mod 4) then
c(a, A) = c(a, Am?).
Lemma 2.3.1. For o > 1

@ S don o T (1- 5 =@,

pln
negp

LS (%)d(n)n—a—w(n)ﬂ (1 %)1 — c(a, A).

n= pln
ncep

o —
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Before proving Lemma 2.3.1 we note that

o<n'o(m [ <1 —lz)_l <1 (2.3.4)

pln
for all positive integers n as
1\ 1 1\ 1!
B(n (1__) = (1__>(1__) = (1+_> |
wI(1-%) =Dl (-2 (L) =aTq(1+}
pln pln
Proof. We treat parts (a) and (b) together. We set

Fln) = { 1, part (a),

(%), part (b),

so that f(n) is a multiplicative function of n satisfying |f(n)| < 1 for all n. As
« > 1 we can choose € so that « — 1 > ¢ > 0. Set =« — € so that > 1. By
Lemma 2.2.3 we have d(n) < A(e)n®. Then

st T (1 - pi> <

pln

(2.3.5)

so that the infinite series

nf;f(n)d(n)nulqg(n) 1—! (1 _%)1

converges absolutely. As

o T (1- ) h

pln

is a multiplicative function of n, we have as 1 ¢ p,

gf(”)d(n)n‘a—l(b(n) I (1 - iz >1

pln p
nep
VYL

—pglgd4)<1+f<p>d<p>p on(1-%) )-1
_ Yl N
_pzl(m0d4) (1 +pa_1(P+ 1))
_ c(a), part (a),

c(a, A), part (b),

as asserted. O]
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Lemma 2.3.2. For oo > 1

-1
@ 3 dmn 1 (n) H( —1%) =0u(§%),

n>x pln
negp
A 1\ 1
) Z(;)d(n)n”lqﬁ(n)l_[(l—?) :0a<x‘;gf>.
:z; pln

39

Proof. We define f(n) as in (2.3.5). By (2.3.4) and Lemma 2.2.5 we have

S~ simatmn o I (1- ) |« S0 <o

p

n>x p\n n>x

ncgp

Lemma 2.3.3. For a > 1

1\! 1
o S o] (1-5) <ot (425),

n<x p‘n
negp

b > (i)d(n)n”lqb(n)n <1 _p12>1 c(a, A) + 0, <x

n<x
negp

pln

Proof. This follows immediately from Lemmas 2.3.1 and 2.3.2.

Lemma 2.3.4. Let m be a positive integer. Then

-1
@ > 1_% TH(]E) +0(xd(m)),

n <? plm P
nsq
(n,m)=1

» 3 <%>:o(|A|d<m)x%).

n<x
n sqf
(n,m)=1

We will use the following two well-known results
1, ifn=1,
>_uld) = {0, if n>1,

din

and

_J 1, if n is squarefree,
;Md) o {0, otherwise.

)

(2.3.6)

(2.3.7)
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Proof. We have by (2.3.7) and (2.3.6)

DRI B !
n<x n<x dn

nsqf (nym)=1
(n,m)=1

Now
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Finally

S =W (ST (- 1) o( L)) +owm)

nex pln X2
nsq
(n,m)=1

6 0N L orddim
= S ﬂ@ P2> + 0(x2d(m)).

(b) By (2.3.7) we have

n<x n<x dz‘n
nsqf (n,m)=1
(n,m)=1
A
- — |uld
p3) (acﬂ)“( )
(ad?,m)=1
A A
= > u(d)<d—2> ¥ (Z)
(d,m)=1 (am)=1
A
= > ) (_>
déx% a < x/d?
(d,Am)=1 (a;m)=1

Next, by (2.3.6), we have

c;a%/jlz <%> :agx;dz (%) eZ (e)

o 2 ()

ela

-Yua(3) T (%)

elm b<d?elx

Now, as (%) is a character mod|A| ([10, Theorem 3.2, p. 305]), we have ([10,

Theorem 2.3, p. 155])
Z
b

b<d?elx

<A,
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so that
A
> (—> < |Ald(m)
<d 2x a
a,m)=1

and

> (%) < |Ald(m)x.

n<x
nsqf
(n,m)=1

This completes the proof of Lemma 2.3.4.
Lemma 2.3.5. Let m be a positive integer with the following property:
if p|m then p#1(mod4).

Let o > 1 and set

g [3 a2,
4, ifa=2.
Then
6 . ¢(m) A
(a) Z d(D) Z 1= Pc(a)z H <1 2)
D<y A<D plm p
Decyp Asqf
(A,mD)=1

I | 1 _a
+0, <Z o8 y) + 0, (d(m)z2y' 7 log?y),

(b) Z (%)d(D) Z 1:%c(a,A)Z@H(I_§>—1

D<y A<D plm
Degp Asqf
(A,mD)=1

1 1 {_a
+0, <Zy0g Y ) + O, (d(m)ziyl_7 logﬁ y

a—1
Proof. By (2.3.8) we see that
(m,D)=1forall Deg

so that
d(mD) = d(m)d(D) for all D€ p.

O

(2.3.8)

).
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Thus, for D € p, we have by Lemma 2.3.4 (a)

3 =P () oo T (1-5)

plD p

(a) Hence

2 d) 3 1
D<y A<zD™@
Degp Asqf

(A,mD)=1

:E (’5(7’" ( _I%>_l Zd(D)D"lqﬁ(D)H(l—lz)_l

plm D<y p|D
Degp

+ o<z%d(m) > 40 )

D<y

Appealing to Lemma 2.3.3 (a), Lemma 2.2.7 and (2.3.4), we obtain

6 1\ 1
CIDUREEES | ((EF N CORAC=3)
AR A '

(A,mD)=1

O (2d(m)y' 3 1og”y)

“peo (1) o ()
)

plm

-l—Oa(d(m)z%y 21og’y

(b) The proof is exactly the same as for part (a) except that Lemma 2.3.3 (b) is
used in place of Lemma 2.3.3 (a). O

Lemma 2.3.6. Let r and s be real numbers. Let A, A’ be nonsquare integers
such that AA' is nonsquare and A, A'=0, 1 (mod4). Then

(a) Zd(D)(li(%)) oo

D <2~ ’x% I1<AL 2*“x%D7%
Degp Asqf
(A,2D)=1
4

= 2( c(3/2) £ c(3/2, A))x2+0”(x310g X).
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(b) Zd(D)(li(%)) oo

D < 2*"x% I<A< Z*JX%D%
Decyp Asqf

(A,6D)=1
3 (c(3/2) £ ¢(3/2, A)x? + O, ,(x3log x).

T osp2

o Zeo(+(3))(+(5)) T

D<x3 1<A<@D2
Dep Asqf
(A,6D)=1

:%@(3 /2)+¢(3/2,8)+¢(3/2,A")+¢(3/2,AA)) 2 +0(xlog x).

Proof. (a) Taking
y= 27’)5, 7= 2*“‘x%, a=3/2 (so that 5 =3), m=2,
in Lemma 2.3.5 (a) (b), we obtain

4 1 1
2 dD) Y 1=ge(y/2n 4 o (dlog's)
D < 2*’x% I1<AL 2*“x%D7%
Decp Asqf
(A,2D)=1

and

A 4 1 1

— )d(D 1 =——¢(3/2,A)x + O, 4(x* log’ x).
S (5)i0) X =gt an 0, (e s)
D <27'x3 1<A<2-5x2D2
Decyp Asqf
(A2D)=1

Adding and subtracting these equations, we obtain the asserted result.

(b) Taking

y= Z*VX%, z= 27“‘x%, a=13/2, m=6,

in Lemma 2.3.5 (a) (b), we obtain in a similar manner the result of part (b).

(c) Taking

y:x%’ Z:X%, Oé:3/2, m=6,

in Lemma 2.3.5 (a) and in Lemma 2.3.5 (b) for A, A’ and AA’ and adding the
resulting equations, we obtain the result of part (c). ]

Lemma 2.3.7. Let r and s be real numbers. Let m be a positive integer and let
A be a nonsquare integer =0 or 1 (mod4). Then

Z d(D)‘ Z (j)' = Opmrs(¥log’x).

D <27 1 <A<2-0D72
Asqf
(A,mD)=1
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Proof. By Lemma 2.3.4 (b) we have
A s 1 3 1 3
Z (K) = O(|A|d(mD)272xiD %) = Op jus(x*d(D)D77),

1 3
1<A<2x2D2
Asqf
(A,mD)=1

as d(mD) < d(m)d(D) ([10, Theorem 5.1, p. 111]). Then, appealing to Lemma
2.2.7 with o = %, we obtain

w . G)emlt Z57

1 1 3 1
D <23 1<A<25x2D2 D <2"x3
Asqf
(A,mD)=1
1

1.3

= Opmyr.s(xlog’ x),
as asserted. O

2.4. Representations by binary quadratic forms. A binary quadratic form is
an expression of the type ax> + bxy + cy?, where a, b, ¢ are real numbers. We write
(a, b, c) for ax* + bxy + cy*. The discriminant d of (a, b, c) is the real number
d = b?* — 4ac. The binary quadratic form (a, b, c) is said to be integral if a, b, c are
integers in which case d is an integer =0 or 1 (mod4). An integral binary quadratic
form is said to be primitive if ged(a, b, c) = 1. A binary quadratic form is said to be
positive-definite if it only assumes positive values for (x,y)(# (0,0)) € R?, equiva-
lently @ > 0 and d < 0. By a form we shall mean a positive-definite primitive integral
binary quadratic form. Two forms (a, b, ¢) and (A, B, C) are said to be equivalent if
there exist p, g, r, s € Z with ps — qr = 1 such that

ax® + bxy + cy* = A(px + qv)* + B(px + qy)(rx + sy) 4+ C(rx + sy)*.

Equivalent forms have the same discriminant. The positive integer » is said to be
represented by the form (a, b, c) if there exist x, y € Z such that n = ax® + bxy +
cy?. Equivalent forms represent the same positive integers. A form (a, b, ¢) is said
to be reduced [1, p. 68] if

—a<b<a<cwithb>=0if a=c.

A classical result of Gauss asserts that every form is equivalent to one and only one
reduced form [1, p. 71]. We denote the finite set of reduced forms of discriminant d
by H(d). We also set

N4 p,)(n) = number of (x,y) € Z* such that n = ax® + bxy + ¢y*.

Dirichlet has evaluated the sum

Z N(a,b.p) (I’l) :

(a,b,c) € H(d)
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Theorem 2.4.1. (Dirichlet) If (n,d) = 1 then

> Nano =v@ ¥ (1),

(a,b,c) € H(d) kln
where
63 lf d= _3a
w(d)=1< 4, ifd=—4,
2, ifd< —4
Proof. A proof of Dirichlet’s theorem can be found for example in [1, Theorem
64, p. 78], [10, Theorem 4.1, p. 307], see also [12]. O]

We now derive from Theorem 2.4.1 the results that we shall need for discri-
minants —36, —64, —144, —256, —576 and —2304. As the proofs are very
similar we just prove the results for discriminants —36 and —2304.

Lemma 2.4.2. Let D be a positive integer such that D € p and D =2 (mod 3).
Then

N(1,0,9)(2D) = N(3,2,5/(D) = 2d(D).

Lemma 2.4.3. Let D be a positive integer such that D € p and D=1 (mod 8).
Then

N1,0,16)(D) = 2d(D).

Lemma 2.4.4. Let D be a positive integer such that D € o and D=1 (mod 3).
Then

N(1,0,36)(D) + N4,0,9)(D) = 2d(D).

Lemma 2.4.5. Let D be a positive integer such that D € p and D=1 (mod 8).
Then

N(1,0,64)(D) + N4, 4.17)(D) = 2d(D).

Lemma 2.4.6. Let D be a positive integer such that D € p and D=1 (mod 3).
Then

N(1,0,144)(D) + N(4,4,37)(D) + N9,0,16)(D) + N13,10,13)(D) = 2d(D).
If in addition D=1 (mod 8) then
N(1,0,144)(D) + Ni9,0,16)(D) = 2d(D).

Lemma 2.4.7. Let D be a positive integer such that D € p and D =1 (mod 24).
Then

N(1,0,576) (D) + N4, 4,145, (D) + N9,0,64) (D) + N25, 14,25/ (D) = 2d(D).
Proof of Lemma 2.4.2. Let

A={(x,y)€Z*|2D = x* + 9%}
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and
B = {(x,y) €7 | D = 2x* 4+ 2xy + 5y*}.
The mapping f : A — B given by
x—y
e = (5520)
is a bijection. Hence
N(1,0,9)(2D) = Niz,2,5)(D).
The set of reduced forms of discriminant —36 is
H(-36) ={(1,0,9),(2, 2,5)}.
Let n be a positive integer with (n, —36) = 1. Then, by Theorem 2.4.1, we have
N1,0,9)(n) + N2, 5)(n) —2Z< )
kln
Now
2 2_ 2 _
x*4+9y"=x"=0 or 1 (mod 3)
so that the form (1, 0, 9) does not represent integers =2 (mod 3). Hence
Ni,0,9)(D) =0
and so
N5 (D) =2 ( )
KD
Now D is a product of distinct primes =1 (mod4) so that

> ()-5 () -2 (7)) -3

kD kD kD kD

Hence
N(2,2,5/(D) = 2d(D),
as asserted. O]
Proof of Lemma 2.4.7. The set of reduced forms of discriminant —2304 is
H(—2304) = {(1, 0, 576), (4, 4, 145), (5, 4, 116), (5, —4, 116),
(9,0,64),(9, 6, 65),(9, —6, 65),(13, 6, 45),
(13, —6, 45), (16, 8, 37), (16, —8, 37),(17, 12, 36),
(17, =12, 36), (20, 4, 29), (20, —4, 29), (25, 14, 25)}.

Let n be a positive integer satisfying (n, —2304) = 1. Then, by Theorem 2.4.1, we
obtain

—2304
N(1,0,576) () + Na,4,145)(n) + - -+ + N2s,14,25)(n) = 22 < )
kln
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Clearly
9x? + 6xy + 65y* =0, 2 (mod 3),
17x% 4 12xy + 36y* =0, 2 (mod 3),

1
5% + duy + 116y* = S((5xk 2y)? + 576y%) =0, 2 (mod 3),

1
2002 =+ 4xy + 29y% = S((10x £ y)? 4 144y*) =0, 2 (mod 3),

so that none of these forms represents an integer =1 (mod 3). Hence
N, +6,65)(D) = N(17, £12,36)(D) = N(5, 24,116 (D) = N20, 4,20)(D) = 0.
Also
16x% + 8xy 4 37y* =0, 4, 5 (mod 8),
13x% + 6xy + 45)> = % ((x£15y)* + 64x*) =0, 4, 5 (mod 8),
so that none of these forms represents an integer =1 (mod 8). Hence

Nis, +8,37)(D) = N(13, +6,45)(D) = 0.
Thus

—2304
N(1,0,576) (D) + N4, 4,145)(D) + N9,0,64)(D) + N(25,14,25) (D) = 22 ( )
D

As D is a product of distinct primes =1 (mod4), we have

£ ()5 ()5 @) pree

KD kD KD XD
Finally
N(1,0,576) (D) + Ni4,4,145)(D) + N9,0,64) (D) + N2, 14,25 (D) = 2d(D),
as asserted. O]

2.5. Number of cyclic quartic fields with discriminant < x and index
divisible by 2,3,4,6 or 12. Let a and b be integers with 0 < a <b. We define
for x>0

N(x,a,b) = number of cyclic quartic fields K with
d(K) < x and i(K) =a (modb). (2.5.1)
First we determine an asymptotic formula for N(x,0,2) valid for large x.
Theorem 2.5.1.
1
N(x,0,2) = = ((3/2) + c(3/2,8))x* + O(x log* x),
s

where c(a) and c¢(a, A) are defined in (2.3.2) and (2.3.3) respectively.
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Proof. By (1.2.1)-(1.2.6) and Theorem 1.3.2 we have

N(x,0,2) = number of (A,B,D)eZ x N x N such that
A’D? < x
A=1(mod4), B=0(mod4)
A sqf
B>1,D>=2, Dsqf
D-B =0
(A,D) =1

so that

N(x02)= Y Z oL

B>0
<D< <
? \Dng} ! AA,‘]\ xde : B=0(mod 4)
b = (mo ) D*BZZD
A sqf
(A,D)=1

As D > 2 is squarefree and D = B> + C?> with B=0 (mod 4) and C odd, we see
that D € p and D=1 (mod 8) so that

N(x,0,2) = Z Z oL

D < |A|<x7DzB g(?ngd@
Dep  A=1(mod 4) D-B—(]

D=1(mod 8) A sqf
(A,D)=1

Next

o= > 1 = > 1

B>0 B>0 B<0
B=0(mod 4) D—16B2=[] D—16B2=[]
D-B=0]
_1 _1
o) =5 >
B#0 B
D—16B2=[] D—-16B2=[]
_ 1 _ 1
=1 > 1 =iNuoie(D)
B,C
D—16B2=C?
1
- zd( )7

by Lemma 2.4.2. Thus

N(x,O,Z):% S o) 3L

1 3
D<x3 |A| <x2D2
Degp A=1(mod4)

D= 1(mod 8) Asqf

(A,D)=1
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For A odd, exactly one of A and —A is =1 (mod4), so that

N(x,0,2):% > dp) > L

Déx% 1<A<X%D’%
Dcp Asqf
D=1(mod 8) (A2D)=1

For D € p we have D=1 (mod4) and
8\ _ (2 _ 1, if D=1 (mod8),
D) \D) -1, if D=5(mod8),

N(x,O,Z)z%Zd(D)(l—i—(%)) oL

1 L 3
D<x3 1<A<xD?2

so that

Dep Asqf
(A2D)=1

Appealing to Lemma 2.3.6 (a) (with r =0, s = 0 and A = 8), we obtain
1 |
N(x,0,2) = — (c(3/2) + ¢(3/2,8))x* + O(x* log’ x),
T
as asserted. O]

Next we determine an asymptotic formula for N(x, 0, 3).

Theorem 2.5.2.
N(x,0,3) = # (24 +v2)e(3/2) + (24 — V2)c(3/2, —3))
+ O(x% log® x).
Proof. By (1.2.1)-(1.2.6) and Theorem 1.3.9 we have
N(x,0,3) = number of (A, B, D) € Z x N x N such that

2°A’D? < x with « given by (1.2.6),
A sqf and odd,

B>=1, D=2, Dsqf,

D-B =0,

(4,D) =1,

A=1(mod3), B=0(mod3),or
A=2(mod3), D —B*=0(mod?9).

We observe that D = 2 does not contribute to N(x,0,3). Taking the four possibi-
lities for a (=0, 4, 6, 8) together with the two possibilities A=1 (mod3), B=
0 (mod3) and A=2 (mod3), D — B>=0 (mod9), we can express N(x, 0, 3) as the
sum of eight subsums as follows:

N(x5073> = ESi)

i=1
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where

s- Y%

1 13
2<D<K3 |A|<2D2

Dsqf Asqf
D=1 (mod?2) (A2D)=1
A=1(mod3) B

5= Y %

1 L3
2<D<x3 |A|<2D2

D Sqf A gqf
D=1(mod2) (A2D)=1
A=2(mod3)

5= Y Y

41 13
2<D<233A|<2722D 2

Dsqf Asqf
D=1(mod2) (A2D)=1
A=1(mod3)

s- Y %

41 1
2<D<K233A|<2°22D”

3
2

D Sqf A gqf
D=1(mod2)  (A2D)=I
A=2(mod3)

s- Y %

1 13
2<D <223 A <2732D 2

Dsqf Asqf
D=1(mod2)  (A2D)=I
A=1(mod3)

s- Y%

1 13
2<D<2 234l <2732D 2

D Sqf A gqf
D=1(mod2)  (A2D)=1
A=2(mod3)

5=y %

i Ty
2<D<23x3|A<272x2D

Dsqf Asqf
D=1 (mod?2) (A,2D)=1
A=1(mod3)

s Y %

1 113
2<D<233|A|<2722D2

Dsqf Asqf
D=1 (mod2) (A2D)=1
A =2 (mod3)

where in the sums S7 and Sg we replaced D

>, L
B>0
D—B*=[]

B=0(mod2)
B=0(mod3)
=1-A (mod4)

S

B>0

D—B?=[]=0(mod9)

B=0(mod2)
B=1-A (mod4)

>, L
B>0
D-B=(]
B=0(mod?2)
B=0(mod3)
B=3—A(mod4)

>, L
B>0
D—B2=[1=0(mod9)
B=0(mod?2)
B=3—A(mod4)

>, 1L
B>0
D—B2=[1=0(mod4)
B=1(mod2)
B=0(mod3)

> !
B>0
D—B?*=[1=0(mod 36)
B=1(mod?2)

>, L

B>0
2D—B?=[]
B=0(mod3)

>

B>0
2D—-B*=[]=0(mod9)

3
2

by 2D.

51
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Next we examine the inner sums over B for each of §;, ...,Ss. First we

consider the inner sum for Sj.

> oa=p Yo

B>0 B,C
D-B*=] D=C?+36B?
B=0(mod?2) 6B=1-A (mod4)
B=0(mod3)
B=1-A (mod4)
> 1, A=1(mod4),
B,C
D=C?+144B?
=31 > 1, A=3(mod4).
B,C
D=C?+36B?
B=1(mod?2)

For the sum S; we have D=1 (mod2) so that C =1 (mod2). Thus, in the case
A=3(mod4), we have B=C =1 (mod?2), so that there exists an integer X such

that C = B + 2X. Then

Z | = Z 1 = Ny 4,37)(D).

B,C B, X
D = C?+36B> D =4X2+4XB+37B?
B =1(mod2)
Hence
Z | — {%N(1,0,144)(D), A=1(mod4),
50 iNu.437)(D), A=3(mod4)
D—B?=[]
B=0(mod?2)
B=0(mod3)
B=1-A (mod4)
Similarly for the inner sum of S, we find that
Y= {%N(mo.,m)w), A=1(mod4),
550 #Nu3, 10,13 (D), A=3(mod4),
D-B2=[1=0(mod9)
B=0(mod?2)
B=1-A(mod4)
for the inner sum of S3
Z 1 {};N(4,4,37)(D)7 A=1(mod4),
=5 IN(1.0,144) (D), A=3(mod4),
D—-B*=[]
B=0(mod?2)
B=0(mod3)

B=3-A(mod4)
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for the inner sum of S4
Z 1= {iN(B,lo,ls)(D), A=1(mod4),
50 iNw.0,16)(D), A=3(mod4),
D—B?>=[]=0(mod9)
B=0(mod?2)
B=3—A(mod4)
for the inner sum of Ss
1
> 1= Nwoo(D),
B>0
D—B*=[]=0(mod4)
B=1(mod?2)
B=0(mod3)

for the inner sum of Sg
1

Z 1= ZN(1.0,36)(D)7

B>0

D—B2=[]=0(mod 36)
B=1(mod?2)

for the inner sum of S

1
o= 2 Nw.09)(2D),
B>0

2D-B*=[]
B=0{(mod3)

and for the inner sum of Sg
1
Z 1 e ZN(130’9)(2D).

B>0
2D—B?=[]=0(mod9)

Thus
1
Si=4 E Ni1,0,144)(D) Z 1+ N4,4,37(D) Z L,
D< l<A<xD? I<A<xdD?
Degp Asqf Asqf
D=1 (mod3) (A6D)=1 (A6D)=1
A= £1(mod 12) A= £5(mod 12)
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1
=2 )
4 1
D < x3
Degp
D=1 (mod3)
1
Ss=4 >
4 41
D <2 3x3
Degp
D=1 (mod3)
1
Sy =~ E
4 41
D <273x3
Deyp
D=1 (mod3)
1
Ss =
4
D <272x3
Degp
D=1 (mod3)
1
S¢ = —
4 1
D <2723
Degp
D=1 (mod3)
1
S1=15
4 11
D<23x3
Decp
D=2 (mod3)
S 1
g =~
4 U1
D <233
Dep
D=2 (mod3)

Z N4,0,9)(D)
1

Z N(1,0,36)(D)

> Nuoo(2D)

> Nuoo(2D)
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N,0,16)(D)

>

I<A< 2D
Asqf

(A,6D)=1

A= £5(mod12)

1+ N3, 10,13)(D)

_3
2

N4,4,37)(D)

>

I <A<223D73
Asqf
(A,6D)=1
A= £1(mod12)

1+ N(1,0,144)(D)

N3,10,13)(D)

>

I <A<22dD3
Asqf
(A,6D)=1
A= £5(mod 12)

>

I <A<233Dp7
Asqf
(A,6D)=1

S o

1 <A<230D73
Asqf
(A,6D)=1

>

1<A< 2-123p7
Asqf
(A,6D)=1

by

1<AL 2-112,3p73
Asqf
(A,6D)=1

1+ N9,0,16)(D)

1,

1,

1.

>

I1<A< x%D%
Asqf
(A,6D)=1

A= +1(mod12)

>

I <A<220D3
Asqf
(A,6D)=1
A= £5(mod 12)

2.

<A<223D
Asqf
(A,6D)=1
A= +1(mod 12)

1

1




Index of a Cyclic Quartic Field 55

Now we determine S; + S,. We have for (A,6) = 1

12 12
A= + 1(mod 12)<:>(K> =1, A= +5(mod 12)<:><X> = -1,

so that

Sl-l—Sz:% > (NVoa(D) +Nuz10,13(D) > {1+ (%)}

Déx% ISASx%D’%
Degp Asqf
D=1 (mod3) (A,6D)=1

1
= N, D) + N, D 11— —
+8 Zl (N@,4.37)(D) + N9,0.16)(D)) Z] 3{ (A)}
D<x3 1<A<2D2
Decp Asqf
D=1 (mod3) (A,6D)=1

=— Z (N(1707144)(D) +N(13,10,l3)(D)

Déx%
Degp
D=1 (mod3)

+N(4,4737)(D> +N(9,0,16)<D)) Z 1
I<A< 4D
Asqf
(A,6D)=1

1
S N, D N, D
T3 Zl (Na1,0,144) (D) + N13,10,13) (D)
D <3
Degp
D=1 (mod3)

Naas@) -Noow®) 3 (2
(4,4,37) (9,0, 16) )

l<A<iD3

Asqf
(A,6D)=1

Appealing to Lemma 2.4.3, we obtain

S1—|—52:l Y diD) D> 1+En,

4 1 1 3
D<x3 1<A<x2D2
Dcyp Asqf
D=1 (mod3) (A,6D)=1
1 -3
== d(D)q 1 — 1+E
821(){+<D>} Z]3+127
D<x3 1<A<A2D2
Dep Asqf

(A,6D)=1
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where

Ei»,=0 Zd(D) Z (1A—2>

D<xP? 1<A<aD3
Asqf
(A.6D)=1

Then, appealing to Lemma 2.3.6 (b) (with r =5 =0 and A = —3) and Lemma
237 (withr =5 =0, m = 6 and A = 12), we deduce that

3 |
Si+ 8 =55 (c(3/2) +c(3/2,-3))x + 0(x¥log’ x).
T
Next we determine S3 + S4. We have

1
S3+Sa=g¢ Z (N(4,4,37(D) + Ni9,0.16)(D))
D<2id
Degp
D=1 (mod3)

< x (3

1 3
1<A<22@2D2

Asqf
(A6D)=1
1
-|-§ Z (N(L()’ 144)(D) ‘i‘]\/(137 10713)(D>)
D < 27%/\%
Deyp
D=1 (mod3)

SRR Co

1 3
1<A<222D2

Asqf
(A,6D)=1
1
=3 Z (N(1,0,144)(D) + N3, 10,13)(D)
p<2id
Dep
D=1 (mod3)

+ N4,4,37)(D) + N9,0,16)(D)) Z !
1 <A<22ap72
Asqf
(A,6D)=1
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1
—g Z (N(I,O, 144)(D) +N(13,10,13)<D)

41
D <2 3x3
Decyp
D=1 (mod3)

_N(4,4,37)(D) —N(9,0716)(D)) Z (f)

1.3
1<A<222D2

Asqf
(A,6D)=1
Appealing to Lemma 2.4.3, we obtain
1
S3+Si=17 Y odp) > 1 + Ezq,
D<25d 1<A<22D 3
Degp Asqf
D=1 (mod3) (A,6D)=1
1 -3
- ¥ d(D){l + (—)} Y 1+Ey,
8 41 D 13
D <273x3 I<A<<272x2D 2
Degp Asqf
(A,6D)=1

where

Es,=0| > d(D) > C‘—z)

D< 24 1<AK 223D
Asqf
(A,6D)=1

Then, appealing to Lemma 2.3.6 (b) (with r =4/3, s =2 and A = —3) and
Lemma 2.3.7 (with r =4/3, s =2, m = 6 and A = 12), we deduce that

3
S5+ 8 =555 (c(3/2) +¢(3/2, —3))¢ + O(xlog’ x).
T

Now we turn to S5 + Sg. We have

1
S5 + Se = 1 Z (N(1,0,36)(D) + N4,0,9)(D)) Z L.

D < 2*2)5 I1<A< 2*3x%D’%
Degp Asqf
D=1(mod3) (A,6D)=1

Appealing to Lemma 2.4.4, we obtain

S5+S6:% D (02) D

D < 2*2x% 1<A< 2*3x%D’%
Degp Asqf
D=1 (mod3) (A,6D)=1
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S d(D){H—(_DB)} YL

D< 2243 I1<A<K2 3dp
Degp Asqf
(A,6D)=1

Then, appealing to Lemma 2.3.6 (b) (with r =2, s = 3 and A = —3), we deduce
that

Ss + S = (c(3/2) + ¢(3/2, —3))x + O(x*log® x).

3272
Finally we consider S7 4+ Ss. We have

1
S7 +Sg :E Z N(17019>(2D) Z 1.

D<273xd l<A<2 72D
Dep Asqf
D=2 (mod3) (A,6D)=1

Appealing to Lemma 2.4.5, we obtain

S$1+S8s= >  dD) > 1

_l 13
D<23x3 1<A<2 32D 2
Degp Asqf
D=2 (mod3) (A,6D)=1
1 -3
== Y Aoy (= Yoot
2 11 D 1 3
D<273x3 1<A<23x2D2
Decp Asqf

(A,6D)=1

Appealing to Lemma 2.3.6 (b) (with r=11/3, s=11/2 and A = -3), we
obtain

S7+Sg = 23 ~(¢(3/2) = ¢(3/2,-3))¢ + O(x log x).

Finally
N(x,0,3) = (S +82) + (S5 + S4) + (S5 + Sg) + (S7 + Sg)

{ S (¢(3/2) +¢(3/2,3)) + s (c(3/2) +c(3/2,-3))

872 3272
3
35,2 (€(3/2) +¢(3/2,=3) + ﬁ ——=—(c(3/2) —¢(3/2, 3))}
+0(x§10g3x)
L[3(24+V2 324 -2 L3
:xz{ ( 12;_ - 2) c(3/2) + 3 D82 >c(3/2, —3)} + O(x*log’ x),
as asserted. O

Our next goal is to determine an asymptotic formula for N(x,0,4).
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Theorem 2.5.3.

N(x,0,4) = ﬁ (c(3/2) + ¢(3/2,8))x + O(x* log® x).

Proof. By (1.2.1)-(1.2.6) and Theorem 1.3.10 we have
N(x,0,4) = number of (A, B, D)€ Z x N x N such that

Asqf,

B>=1, D=2, Dsdqf,
D_32 - Dv
(A, D) =1,

so that

N(x0,4) = > > >

1 1 3
2<p<d Al<wps B>0
D-B2=[]
Dsaf Asqf B=0(mod8)
D=1(mod8)A=1(mod8)
(A,D)=1

+ 0> Y Y

2<D< |A| <D DBB>ZBD
Dsaf Asaf g 4 (mod$)
D=1(mod8) A=5(mod8)
(A,D)=1

First we examine the inner sums over B. We have

o= > 1 =1 Y 1

B>0 B>0 B
D-B2=[] D—64B2=[] D—64B2=[]
B=0(mod8)

=i Z 1 =1Nuo,64(D),
B.C
D—64B2=C?

and (remembering that D is squarefree and odd)

NS S

B>0 B B,C
B=4(mod3) B=4(mod38) B=4(mod8)
D—-B*=[] D—-B*=[] D=B2+C?
1 —1
=5 2 =i >
B.C B.C
B=1(mod?2) B=C=1(mod2)

D=16B>+C? D=16B*+C?
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=1 E =1 E :
— 4 I =g 1
B, X B, X
B=1(mod2) B=1(mod2)
D=16B>+(B+2X)* D =4X>+4XB+17B>

=3 Z 1 =1iNga17)(D).
BX
D =4X2+4XB+17B

;1 Z N(1,0,64)(D) Z 1

>

3
I<A< x%DT
Asqf

D < x% Al < X%D%
Deyp Asqf
D=1 (mod3) A=1(mod8)
(A,D)=1
1
+ 1 Z N,4,17)(D) Z 1
D < x% |A] < X%D%
Deyp Asqf
D=1 (mod8) A=5(mod38)
(A,D)=1
1
2 > Nuoe®@) Y 1
D<d 1<A<2D3
Degp Asqf
D=1 (mod8) A= £1(mod8)
(A,D)=1
1
+ 1 Z N4,4,17)(D) Z 1
D<i 1<A<AD3
Degp Asqf
D=1 (mod3) A= £3(mod38)
(A,D)=1
1 8
3 > Nuoew®) D I+1{3
D<¥ 1<A<2D3
Decyp Asqf
D=1 (mod8) (A,2D)=1
1
+ 3 Z N,4,17)(D) Z
D<i 1<A<dD?
Degp Asqf
D=1 (mod3) (A2D)=1
1
- N, D)+ N D
8 Zl (N(1,0,64)(D) + N, 4.17)(D))
D<x3
Deyp
D=1 (mod?3)

(A2D)=1
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1 8
T3 Z (N(1,0,64)(D) = N(a,4,17) (D)) Z <A>
D<i I <A<dD
Degp Asqf
D=1(mod8) (A2D)=1

Appealing to Lemma 2.4.6, we obtain

N(x,0,4):i Y dp) > 1

D<x% 1<A<x%D’%
Degp Asqf
D=1 (mod8) (A.2D)=1

+o| > dp)| Y <§>

1 3
1<A<x2D2

D < x3
Asqf
(A2D)=1
:lz d(D)3 1+ 8 Y 1+ 0(logx)
8 1 D 1 3 ,
D<x3 1<A<x2D2
Dep Asqf

(A2D)=1

by Lemma 2.3.7 (with r=0, s =0, m =2 and A = 8). Then, appealing to
Lemma 2.3.6 (a) (with » = s = 0 and A = 8), we obtain

N(x,0,4) = 2% (c(3/2) + ¢(3/2,8))% + 0 log* x),

as asserted. O]

Next we turn to the evaluation of N(x,0,6).

Theorem 2.5.4.

N(x,0,6) = % (c(3/2) + ¢(3/2, —3) +¢(3/2,8) + c(3/2, —24))x}

+ O(x% log® x).
Proof. By (1.2.1)—(1.2.6), Theorem 1.3.2 and Theorem 1.3.9, we have
N(x,0,6) = number of (A, B, D)€ Z x N x N
such that
A*D? < x,
A=1(mod4), B=0(mod4),
A=1(mod3), B=0(mod3)or
2(mod3), D — B*=0(mod9),
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—_—

Asqf,
B>1, D>2, Dsqf,
D— B> =[],
(A’D) = 17
so that
(CLCEED SEND S o
D<A p<and  (El
Dep Asqf ~
D=1(mod8) A =1 (mod4) 5 =0 (mod3)
D=1(mod3) A=1(mod3) D-B*=[]
(AD)=1
DD >
p<d p<dod o GEl
Degp Asaf
DEl(modS)AEIZr?lod4)D B2=[]=0(mod9)

D=1(mod3) A =2 (mod 3)

(A,D)=1

Examining the inner sums over B, we obtain

RN S D S
B>0 B>0 B
B=0(mod 12) D—144B2=0] D-144B>=0]
D—B*=[]
=1 > 1=1Nu.o1(D)
B,C
—144B2=C2
and
NI ST D
B>0 B>0 B
B=0(mod4) D—16B2=9[] D—16B2=9[]
D—B*=[1=0(mod9)
=1 Z 1=1N,0,16)(D).
B,C
D—16B% =9C?
Hence
1
N(x,0,6) = - Z N(1,0,144)(D) Z 1
Dgx% |A|<X%D’%
Decp Asqf
D=1 (mod?24) A=1(mod12)
(A,D)=1
1
+7 Z N(9,0,16)(D) Z 1
pe<id 4] <dD73
Degp Asqf
D=1 (mod?24) A=5(mod12)

(A,D)=1
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1
=1 Z N(1,0,144)(D) Z 1
D< 1<A<0D?
Decp Asqf
D=1 (mod24) A= £1(mod12)
(A,D)=1
1
+3 > Noow®) > 1
Déx% 1§A<X%D7%
Decp Asqf
D=1 (mod?24) A= £5(mod 12)
(A,D)=1
1 12
=3 Z N(1,0,144)(D) Z {1 + <X>}
Dgx% lSAgx%Di%
Dep Asqf
D=1 (mod?24) (A,6D)=1
1 12
g 2 Noow® Y q1-{¢
D<x 1 <A<dD
Degp Asqf
D=1 (mod24) (A,6D)=1
1
=3 Z (N(1,0,144)(D) + N(9,0,16)(D)) Z 1
Déx% 1<A<x%D7%
Degp Asqf
D=1 (mod?24) (A,6D)=1
1 12
+3 > (Naoa(D) = NooieD) Y - /)
Dgx% 1<A§X%D7%
Decp Asqf
D=1(mod?24) (A,6D)=1
Appealing to Lemma 2.4.3, we deduce
1
N(x,0,6) =— d(D 1
oo =y X av) Y
D3 I<A<XD2
Decyp Asqf
D=1 (mod?24) (A,6D)=1

(x| ¥ (7))

1<A<aD2
Asqf
(4,6D)=1
Then, appealing to Lemma 2.3.7 (withr = 0,5 = 0, m = 6 and A

= 12), we obtain

N(x,0,6) = 162 { <3>}{1+(%>} Zl 31+0(x%log3x).

I<A<2D2
D € g} Asqf
(A,6D)=1
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Finally, appealing to Lemma 2.3.6 (¢) (with A = —3 and A’ = 8), we obtain

N(x,0,6) =

o3 (c(3/2) +¢(3/2,-3) + ¢(3/2.8) + ¢(3/2, ~24))x*
+ 0(xlog® x),
as asserted. O]

Our final theorem of this section is an asymptotic formula for N(x, 0, 12).
Theorem 2.5.5.

3 |
N(x,0,12) = o 2( c(3/2) +¢(3/2,-3) +¢(3/2,8) + ¢(3/2, —24))x
+ 0(¥log’x).

Proof. By (1.2.1)-(1.2.6) and Theorems 1.3.9 and 1.3.10, we have
N(x,0,12) = number of (A, B, D)eZ x N x N

such that
A’D? < x,
A=1(mod24), B=0(mod?24), or
A=5(mod24), B= +4 (mod24), D=1 (mod3), or
A=13(mod24), B=12(mod24), o
A=17(mod24), B= +8 (m0d24) =1 (mod3),
Asqf,
B>=1, D=2, Dsqf,
D — Bz - D7
(AvD) =1,

so that

N(x,0,12) = ) > >

I 13
pD<x  |A|<8D7 :B( 0d24)
Degp Asqf Z) B—[]
D=1(mod24) A=1(mod24)
(A,D)=1
DR DR DI
B>0
D<A A<D B= +4(mod24)
Degp Asqf D—B2=[]
D=1(mod24) A=5(mod24) B
(A.D)=1
LD YEEED DU DI
B>0
D<x? Al <x2D : B=12(mod 24)
Deg Asqf DoB_0]
D=1(mod24) A =13 (mod 24) B

(AD)=1
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D S YD S

1 L 3 B>0
%E;‘: |A|j:f’) * B= +8(mod24)
D=1(mod24) A=17 (mod24) D F =0
(A,D)=1
Straightforward calculations show that
1
Z 1= ZN(1’0’576)(D)’
B>0
B=0(mod24)
D—-B=[]
and
1
> g 3o
>0 B,C
B= £4(mod24) B=4(mod8)
D—B>=[] C=3(mod6)
D=B%+(C?
1
SR
4 u,v
U=V=1(mod2)
D=16U249V2
1
DY
4 XY
D=16(X+Y)*+9(X—Y)>
1
S
4 XY
D=25X2+14XY+25Y2
1
= ZN(zs., 14,25)(D),
and

1
BZ 1= Z 1
>0 B,C
B=12(mod24) B=12(mod24)

D-B*=0] D=B>+(?
DN
4 C,E
E=1(mod2)
D=C2+144E?
1
=1 E 1
E.F
E=1(mod?2)
D=(E+2F)*+144E2
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E.F

D =4F24+-4FE+145E2

1
= ZN(“’ 14s5)(D),

1
BZ 1=y Z 1
>0 B,C
B = +8(mod24) B = +8(mod24)
D—-B2=[] D=RB21C2
1
= — 1
e
E= +1(mod3)
D=C2+ 64E2
1
S
4 C.E
C=0(mod3)
D= C2+ 64E2
1
= ZN(9,0,64)(D)'
1
N(x,0,12) = 7 > Nuose®@ > 1
D<id | <A<dD>
Degp Asqf
D=1 (mod24) A= +1(mod24)
(A,D)=1

+% Zl N(25,14,25)(D) Z

D <x3
Degp
D=1 (mod?24)

I <A<aD?3
Asqf
A= +5(mod24)
(4,0)=1

+% Z N4,4,145)(D) Z

Dgx%
Degp
D=1 (mod24)

I <A<xD?
Asqf
A= £11(mod 12)
(A,D)=1

+% Zl Noosn(D) Y L

D <x3
Decp
D=1 (mod24)

1<A<xD?
Asqf
A= £7 (mod24)
(A.D)=1
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Thus
N(x,0,12)
1 8 12
=16 Z] N(1,0,576)(D) Zl 3{1+<Z>}{1+<X>}
D <3 I<A<x2D2
Decp Asqf
D=1 (mod24) (A,6D)=1
1 8 12
e X e 84 () ()
D<x3 1<A<x2D2
Degp Asqf
D=1 (mod?24) (A,6D)=1
1 8 12
e X e 8L ({0}
D<x3 1<A<@2D2
Degp Asqf
D=1 (mod?24) (A,6D)=1
1 8 12
e X Meew X (i (0)H-(F))
D<xX3 1<A<D?2
Deyp Asqf
D=1 (mod24) (A,6D)=1
Therefore

1
N(x,0,12) = 16 Z {N(1,0,576) (D) + N(25,14,25)(D)
Déx%
Deyp
D=1 (mod24)

+ N4,4,145)(D) + N9,0,64) (D) } Z 1
I1<A< 4D
Asqf
(A,6D)=1

1
+ 16 Zl {N(1,0,576) (D) — N(25,14,25)(D)

D<x3
Decp
D=1 (mod?24)

8
— Na,4,145)(D) + Nyo,0,64)(D) } Z (Z)
I1<A< 83
Asqf
(A,6D)=1
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1
16 Zl
D <x3

Decyp
D=1 (mod?24)

{N(1,0,576) (D) — N(25,14,25) (D)

>

I1<A< X%DT
Asqf
(A,6D)=1

+ N,4,145) (D) — N9,0,64)(D) }

1

T > {Nu.o,576)(D) + Nis, 14,25 (D)
D<x%
Degp

D=1 (mod24)

>

I1<A< x%Df%
Asqf
(A,6D)=1

— N,4,145)(D) — N9,0,64)(D) }

By Lemma 2.4.7 we have

1
N(x,0,12) = g >

1
D <x3

d(D)

oo

13
1<A<x2D2

Deyp Asqf
D=1 (mod24) (A,6D)=1
ol Yam| (2
1 1 3 A
D<x3 I1<A<xD?2
Asqf
(A,6D)=1
12
+0 d(D =
@ T (3)
D<x3 1<A<x2D2
Asqf
(A,6D)=1
24
+ 0 d(D -
o 2 (%)
D<x3 1<A<xD2
Asqf
(A,6D)=1

()

(%)
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Appealing to Lemma 2.3.7, we obtain

Mo =g S o= ()} (6)), T

D<x3 1<A<x7D%
Dcyp Asqf
(A,6D)=1

+0(¥log’ x).
Finally, appealing to Lemma 2.3.6 (c), we obtain

3
N(x,0,12) = 55— (e(3/2) +¢(3/2,-3) +¢(3/2,8) +¢(3/2, —24))x
T
+ 0(¥log’ x).
This completes the proof of Theorem 2.5.5. O

2.6. Number of cyclic quartic fields with discriminant < x and given index:
Proof of Theorem B. By a theorem of Ou and Williams [14] the number N(x) of
cyclic quartic fields K with d(K) < x satisfies

N(x):%{%i 11 (l-i—m)—l}x%—i—O(x%lofx),

p=1(mod4)
so that
1
N(x) = 87{(24+ V2)c(3/2) + V212 + O(x¥ log’ x). (2.6.1)
As
N(x;1) = N(x) = N(x,0,2) — N(x,0,3) + N(x,0,6),
N(x;2) = N(x,0,2) — N(x,0,4) — N(x,0,6) + N(x,0,12),
N(x;3) = N(x,0,3) — N(x,0,6),
N(x;4) = N(x,0,4) — N(x,0, 12),
N(x;6) = N(x,0,6) — N(x,0,12),
N(x;12) = N(x,0,12),
appealing to (2.6.1) and Theorems 2.5.1-2.5.5, we obtain Theorem B. ]
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